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PREFACE

The Trapped Radiation Handbook was compiled at the request of
DNA to provide useful information and design data for scientists
and engineers engaged in the design of spacecraft systems that must
operate in the trapped radiation environment, The Handbook origi-
nally was conceived as a concise volume of easily located and
assimilated facts. It was soon realized, however, that much of the
fundamental material is not readily accessible to users of this book.
Therefore, the final product consists of more than a compilation of
useful facts; it contains abbreviated, but essentially complete, deri-
vations of equations and developments of concepts in a wide range of
subject matter pertinent to the radiation belts.

In its present form, the Handbook also should serve as a valuable
initial reference for scientists who are beginning studies or research
in this field. Moreover, space scientists who are engaged actively
in magnetospheric research will find numerous charts and graphs
that will be useful in their everyday work. For these scientists, the
derivational material will not delay access to the needed infc rmation
because mot of the useful data are contained in figures ihat are
grouped in specified locations, accompanied by sufficient explanatory
information that reference to the text is unnecessary. Note, how-
ever, that research on the radiation belts and related subjects is
progressing so rapidly that some of the data presented here will be
soon out of date.

The first four sections are introductory: Sections 1 through 3 pro-
vide the fundamental physics and Section 4 is a description of the
observational aspects of the natural trapped radiation belts. A brief
description of the magnetosphere and phenomena affecting trapped
particles is given in Section 1. Section 2 gives a description of the
pertinent features of the geomagnetic field. Mathematical models of
the field are discussed and many giraphs and useful quantities are
assembled in an appendix of that section. The motion of charged
particles in ii.= geomagnetic field and the development of the
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adiabatic invariants of the motion are described in Section 3. A
compilation of charts and graphs related to various parameters of
the particle motion is provided in the appendix of that section.
Section 4 describes the temporal, spatial, and energy distributions
of the trapped particles in the natural radiation belts.

Sections 5, 6, and 7 are concerned with the process of formation
of the natural and artificial radiation belts. Section 5 treats the
oasic physical mechanisms: source and loss processes, plasma in-
stabilities, particle diffusion, wave particle interactions, accelera-
tion processes, and magnetospheric convection. Section 6 is a de-
scription of the artificial radiation belts that have resulted from
U.S. and Russian high-altitude weapon tests. Included in that section
are the electron inventories for the Argus tests, the Teak and Orange
detonations, Starfish, and the three Russian tests of 1962. Section 7
describes the way in which electrons are injected by a nuclear detona-
tion. Itdiscusses the phenomenology of nuclear detonations, injec-
tion processes, the flux in the beta tube, and the diminution of the
flux due to atmospheric absorption and eastward-drift motion of the
trapped electrons.

ool
The next three sections are concerned principally with the effects ‘E@
of the trapped radiation environment on spacecraft systems. Section
8 considers the radiation effects of the particles —both natural and
fission betas —on materials and devices. The fluxes are integrated
; along circular satellite orbits and are converted to daily doses or
] equivalent 1 -MeV electron fluences that are received through various
shielding thicknesses. The results are presented as a function of
the altitude of the orbit for various orbit inclinations and for environ-
] ments due to (1) the natural protons and electrons, (2) the betas in-
b jected by single nuclear detonations at certain L-values, and (3)the
maximum beta flux expected from multiple bursts. Section 9 treats
1 the synchrotron radiation that is emitted by the trapped electrons
due to their spiraling motions around the geomagnetic field lines,
Section 10 discusses the vulnerability of operational systems to the
natural radiation and to the weapon-test and wartime environments
of trapped and untrapped betas. A reader who is seeking information
on the effects of these environments on a spacecraft system would be
advised to turn to that section first. References are given to pertinent
information provided in the preceding sections.
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Section 11 contains useful information on these auxiliary topics:
(1) techniques of trapped radiation measurements, (2) fission physics,
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(3) the earth's atmosphere and ionosphere, (4) 2 compilation of
available computer programs related to trapped radiation, and (5)
some statistical data and information on satellites that have been
launched into earth orbits. Section 12 presents a brief summary of
progress that has been made in the investigation of the radiation
belts and discusses some remaining problems. Section 13 is a
glossary of symbols. Section 14 gives useful constants and con-
version factors. A subject index follows.

An extensive work of this magnitude would not have been possible
without the aid of many people whose contribution we wish to acknowl-
edge. In addition to the authors cited directly, we wish to thank Dr.
Gerhardt Haerendel and Dr. Carl-Gunne Filthammar who reviewed
Sections 3 and 5 and offered many helpful comuments that improved
those sections. Mr. William E. Francis and Dr. Sidney L. Ossakow
prepared several graphs and tables and also checked and proofread
the numerous equations appearing in the Handbook. We are grateful
to Mr. Edward A, Wegner and his group of artists and draftsmen for
the quality and workmanship of the finished drawings and graphs.
Finally, special thanks are due Mrs. Caroline Toyota who was re-
sponsible for typing most of the manuscript and who displayed con-
siderable patience in typing the numerous revisions to the text that
were required while the manuscript was being prepared. The effort
was conducted under the general direction of Dr. Martin Walt,

Despite the great care taken to prevent errors, the authors
realized that they will occur in an effort of this magnitude. We would
therefore appreciate that the DNA Project Officer, Dr. C. A. Blank
(Mail Code RAAE), be notified of errors that are found so that cor-
rections may be made in future revisions of the Handbook. Sugges-
tions for alterations and additions that would improve the helpfulness
of the Handbook also would be appreciated.

John B. Cladis
Gerald T. Davidson
Lester L. Newkirk

Lockheed Palo Alto Research Laboratory
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SECTION 1
THE MAGNETOSPHERE

J.B. Cladis, Lockheed Palo Alto Research Laboratory

1.1 INTRODUCTION

The magnetosphere is that region above the earth where the geo-
magnetic field has an important role in physical processes. The
lower boundary is the ionosphere, and the outer boundary is the
magnetopause—the interface butween the geomagnetic field and the
solar plasma. A short description is given in this section of the
magnetosphere and of some physical processes that affect trapped
particles. This section, therefore, provides a 'setting' for the
radiation belts and defines terms and features that are used repeat-
edly in succeeding sections. The discussion begins with the
environment in interplanetary space and generally proceeds inward
toward the earth's surface.

1.2 CONDITIONS IN INTERPLANETARY SPACE
1.2.1 The Solar Wind

The solar wind is the plasma that continuously streams radially
outward from the sun. It consists of protons, electrons, and a
small fraction (about 4 percent) of alpha particles in proportions
that preserve the electrical neutrality. The number density varies
from about 3 to 30 protons per cubic centimeter, the proton tem-
perature varies from about 1040 10 °K, and the streaming velocity
varies from about 250 to 800 kilometers per second (References 1
and 2). Since the streaming velocity is much greater than the thermal
velocity, the flow is supersonic. The flow often is referred to as
being super-Alfver‘xic since the streaming velocity is greater than
the Alfvén velocity (the velocity of hydromagnetic waves).

1.2.2 The interplanetary Magnetic Field

The solar magnetic field is imbedded in the interplanetary plasma.
In the vicinity of the earth, the field intensity varies from about 2
to 7 gammas (1 gamma = 10 '5gauss). The direction of the field
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varies considerably, but, on the average, the magnetic field lines are
in the configuration of an Archimedes spiral (Figure 1-1). This pattern
of the field was predicted by Parker (Reference 3) and is due to the com-
bination of the rotation of the sun and the ''stretching out’ of the field
lines by the radial flow of the plasma. Therefore, the spiral angle is
dependent on the streaming velocity of the plasma. In the vicinity of
the earth, the spiral usually makes an angle of about 45 degrees with
the sun-earth line. The direction of the interplanetary field along the
spiral is away from the sun in certain sectors and toward the sun in
other sectors. This sector structure rotates with the sun and has been
found to remain essentially constant over several rotations of the sun
(Reference 4). In Figure 1-1, the plus signs (away from the sun) and
minus signs (toward the sun) at the circamference of the figure indicate
the direction of the measured interplanetary magnetic field during suc-
cessive 3-hour intervals. Parentheses around a plus or a minus sign
indicate a time 'uring which the field direction has moved beyond the
"allowed regions' (Figure 2 of Reference 4) for a few hours in a smooth
and continuous manner. The inner portion of the figure is a schematic
representation of a sector structure of the interplanetary magnetic field
that is suggested by these observations.

1.2.3 Cz.ditions in inferplanetary Sectors

The solar wind parameters are shown to vary in a fairly regular
manner as a sector width moves across the vicinity of the earth
(Reference 5). Generally the streaming velocity of the plasma and
the magnetic field intensity have moderate values near the beginning
of a sector, rise to their maximum values within a few days, and
decrease to low values near the end of the sector. The number density
behaves somewhat differently by increasing more sharply to a maxi-
mum value (within a day after the beginning of a sector), decreasing
to a broad minimum near the center of the sector, and increasing
again toward the end of the sector,

1.3 INTERACTION OF SOLAR WIND WITH GEOMAGNETIC FIELD
1.3.1 The Magnetopause

The earth's magnetic field presents an obstacle to the solar wind.
The interplanetary field does not impede appreciably the solar plasma
because the frontal pressure of the solar stream, 1/2 nmV?2, is much
greater than the pressure of the magnetic field, B%/87 (n is the
number density in protons per cubic centimeter, m is the proton
mass in grams, V is the streaming velocity in centimeters per second,
and B is the magnetic field intensity in gauss (Section 5.4.1). There-
fore, the solar plasma carries the interplanetary field along in its




2

"U

1 a1

TN (3
IR
Wuﬂf

"

1"

*~.
'S
]
3

+ FIELD AWAY FROM SUN
- FIELD TOWARD SUN

Figure 1-1. Pattem of the solar magnetic field (Reference 4).

1-3

. ., e g et g g« e g
AL M ML ) (NN Y A AR s _

f'l#i?m o "-u ’

bR




motion. Similarly, in regions where the pressure of the solar
plasma is greater than the preusﬁre of the earth's magnetic field,
the plasma continues to advance againat the field. The plasma
advance is stopped at the points where the particle and field pres-
sures are balanced. The interface between the solar plssma and
the geomagnetic field is called the magnetopsuse. Figure 1-2
depicts the characteristics of the magnetosphere in the plane of the
noon-midnight magnetic meridians. Dipole field lines are dashed
for comparison. The neutral surface lies in the antisolar direction
and appears to be rooted to the dipole lines at about 10 R (References
41 and 42). Along the sun-earth line, the magnetopause usually is
located about 10 earth radii (Rp) from the center of the earth. On
one occasion it was observed to move to less than 6 Rg from the
center of the earth (Reference 6).

1.3.2 The Bow Shock Wave

A collision-free bow shock is produced upstream from the
magnetopause. The location and shape of this shock wave are simi-
lar to those expected for an ordinary aerodynamic shock wave
produced by an obstacle having the shape of the magnetopause in a
supersonic flow. The solar wind appears to behave as a continuous
fluid over the entire magnetosphere (References 7 and 8).

1.3.3 The Magnetosheath ﬁ%‘

The region between the magnetopause and the bow shock is gen-
erally referred to as the magnetosheath or the transition region,
This region contains the flow of the solar plasma as it is disturbed
by the presence of the earth. As the ''magnetized' solar plasma
crosses the bow shock, the streaming velocity becomes subsonic,
the proton number density increases about a factor of 4, the angular
spread of the proton velocity vectors increases considerably (becom-
ing approximately isotropic near the subpolar point), the proton
velocity distribution becomes quasi-thermal (thermal with a high-
energy tail to several KeV), and the interplanetary field '"frozen"
in the plasma becomes compressed (References 9, 10, and 11).
As the plasma moves around the earth toward the tail region, the
bulk velocity in the antisolar direction again increases due to the
adiabatic expansion of the plasma.
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1.3.4 The Mognetospheric Tall

The mgmtolpbe:ic tail is that regidn shown in Figure 1-2 where
the field lines emanating from the polar caps of the earth are drawn
back in the antisolar direction by the motion of the solar plasma. It is

sometimes called the geomagnetic tail or the magnetotail, Evidence -
exists that the tail extends to at leaat 1,000 R (References 12 and 13). EEI
The magnetic field intensity diminishes very slowly in the antisolar R sy

direction. At about 30 R, the intensity varies from about 10 to 20
gammas (Reference 14). Note that the field lines in the northern T
and southern halves of the tail are directed gppositely. Such a con- o

figuration ean persist only if a highly conductive plasma-—the neutral e e
sheet—exists in the region of the field feversal. It consists of e
electrons and protons of number densities 0.1 to 3 per cubic centi- : |

meter. The electron spectra are quasi-thermal, and average
energies range from about 200 eV to more than 12 KeV. The
proton energies range from about 1 to 20 KeV (Reference 15),
The neutral sheet appears to begin near the plane of the
geomagnzetic equator at the geocentric distance of 102 3 Rpand to 7
extend along the tail parallel to the antisolar direction {(Reference C s o
17). The neutral sheet exhibits diurnal and seasonal variations be- SR
cause the geomagnetic equator wobbles (1) from the 11, 5-degree dis- :
placement of the magnetic axis from the rotational axis of the earth

and (2) from the 23.5-degree displacement of the rotational axis from e
the normal to the ecliptic plane.

The plasma sheet consists of a high-emergy plasma (number
density ~0.3 to 1 per cubic centimeter, mean electron energy
~0.5 to 2 KeV, and mean proton energy ~2 to 10 KeV) located
around the earth on field lines that intersect the earth's sur- §
face in a narrow latitude band just above the auroral zone. In

the midnight meridian, it is located as indicated in Figure 1-2, In ¥
every meridian around the earth, it appears to have a sharp inner ‘?*',%
boundary at magnetic field lines {aat cross the equatorial plane at s s
distances greater than about 10 Rg. However, during times of geo- g
magn‘etlc dtsturl:nnces called magnetic bays or polar substorms k¥
(Section 2), the inner boundary of the plasma sheet on the evening .
side of the magnetosphere moves inward to 5 or 6 Rp at the equator - ~
(Reference 18). ‘.P“ r
Y

1.3.5 The Auroral Zone :\"«;}&
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The auroral zone is located near the high-latitude field lines shown :’ . R

in Figure 1-2 that define the outer limit of the stably trapped particles i
{Section 4) in the radiation belts. On the average, the zone forms an {;\ x
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oval in local magnetic -time coordinates (Section 2). The zone is at
higher magnetic latitudes (70 to 80 degrees) at local noon than it is

at local midnight (65 to 75 degrees). During unusual magnetic dis-

turbances, aurorse move to much lower latitudes.

The magnetic field lines that pass through the auroral zone contain
energetic electrons and protons that are streaming almost continuously
into the atmosphere. Usually fluxes are in the order of 10° per square
centimeter per second but they increase to as high as 1012 per square
centimeter per second during magnetic storms. Their energies are
in the order of 10 KeV (Section 4). Aurorae are produced when
these energetic particles excite the nitrogen and oxygen of the
upper atmosphere. The light emissien occurs at altitudes as low
as about 100 kilometers, which is approximately the altitude that
can be reached by a 10-KeV elsctron.

Magnetic disturbances that enhance the particle flux in the auroral
zones often also increase the total number of trapped particles in the
radiation belts. Therefore, the source of the auroral particles also
appears to be the principal source of the radiation belts. Whether
these particles originate from the magnetosphere or from the solar
wind is still unknown. But the energization and transport of the
particles must certainly be caused by the interaction of the solar
wind with the earth's field. The observed inward motion of the plasma

sheet during magnetic storms may be an important clue to this process.

1.4 THE RADIATION BELTS

The charged particles that constitute the earth's radiation belt are
generally more energetic than the particles in the auroral zone. They
are trapped by the geomagnetic field in the region shown in Figure
1-2. In succeeding sections of the handbook, the motion and distribu-
tion of the particles in the geomagnetic field as well as source and
loss mechanisms are discussed in detail. In this section, a qualitative
description is given of some of the salient features of the trapped
particles.

1.4.1 Particle Motion

MOTION ALONG FIELD LINES. A charged particle in mo-
tion in a time-invariant magnetic field is-acted upon by a mag-
netic force perpendicular to both the direction of motion of the
particle and the direction of the magnetic field. Hence, the
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energy of the-particle remains conatant, hut the ¢l setion of the
particle continwously changes. As & result, the particle moves in

a spiral; a magnétic field line passes through its center of curva-
ture. The pitch angle of the particle s defined se the angle between
the direction of the field line and the direction of the particle velocity.
The motion of an electron in the: geomagnetic ﬁcldzm the pitch angle

(%) of the electron at the equator are dapicted in :Figure 1-3, The pitch
angle has & miniinum angle value at the equator and is 90: degrees
at the mirror point. In addition to spiraling along the field line, the
electron drifts with the velocity \&tmrd the east. FParticles having
a positive charge rotate 'about the held Hne in the opposite direction.

As it spirals down a field line, the particle tpproaahst ‘a region
where the magnetic field intensity is increasing-——that is, where
magnetic lines of force are converging. In that region, the magnetic
force acting on the particle develops a component that opposes the
forward motion of the particle along the field line. Therefore, the
forward velocity of the particle decreases and, since energy is con-
served, the velocity perpendicular to the field line increases. Hence,
the pitch angle increases. The particle penetrates to a point, the

Figure 1=-3. Motion of on electron trapped in the geomagnetic field.
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so-callcd pirror point, where the pitch angle is 90 degrees. From
that point, it moves in the opposite direction: Since the ficld also -
converges at the other end of the field line, the particle becomes
repeatedly reflected at the two mirror points. In this manner, par-
ticles are confined or trapped in the geomagnetic field. The time
required for a particle to go from one mirror point to the other and
back again is called the bounce period. If it does not encounter other
particles or electromagnetic disturbances along its path, the particle
will always mirror at the same value of the magnetic field intensity
(Section 3).

AZIMUTHAL DRIFT OF PARTICLES. Because of the gradient and
curvature of the earth's field, the gyroradius of a particle varies within
a gyration period so that the motion projected onto a plane perpendi-
cular to a field line does not generate a circle but a cycloidal-like
figure. The effect causes positively charged particles to drift toward
the west and electrons to drift toward the east—thus forming a shell
that surrounds the earth. The shape of the shell is roughly the surface
constructed by rotating a field line about the dipole axis.

The shells are designated by L-values. In a distorted dipole field,
the L-values of the shells are fairly difficult to compute (Section 3).
However, in a dipole field, the L-value merely is equal to the distance
in earth radii from the certer of the dipole to the equatorial crossing
point of the field line.

1.4.2 Adiabatic Invariants

Determination of the motion of an energetic charged particle in an
arbitrary magnetic field is facilitated greatly by the existence of three
adiabatic invariants of the motion (Section 3). The first is the mag-
netic moment of the particle gyrating about a field line:

2 2
_p sin % _
M 2mB (1-1)

where p is the momentum of the particle, m is the particle mass, and
@ is the pitch angle of the particle at the point where the magnetic field
intensity is B. M is a constant of the motion if the magnetic field is
fairly uniform over the dimensions of the particle orbit and if the time
variation of the magnetic field is small during a gyroperiod. Ina
static magnetic field, p is constant. Hence Equation 1-1 gives the
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relationship between o and B along the field line. The particle
mirrors at the point B = By, where a = ¥/2. Equation 1-1
also shows that p2varies as By, when By,varies slowly with
time.

The second adiabatic invariant is
J=$ pcosads (1-2)

where p cos@ is the momentum of the particle along the field line and
dS is an element of length along the field line. The line integral is
from one mirror point of the particle to the mirror point at the opposite
end of the field line and back again. This invariant is also called the
integral invariant or the longitudinal invariant. Jis constant when

the time variation of the magnetic field is small during a bounce period
of the particle—that is, during the time required for the particle to
travel from one mirror point to the other and back again. In a static
magnetic field, the invariants M and J describe completely the sur-
face or shell in which the particle remains constrained during its

drift motion around the earth.

The third adiabatic invariant is the flux invariant:
¢ - [ BdA (1-3)

where ® is the total magnetic flux enclosed by the drift shell of the
particle. The integral is over an area enclosed by the shell. & is
constant when the time variation of B is small in the time required
for the particle to drift around the earth. When B changes in this
manfer, Equation 1-3 shows that the drift shell of the particle con-
tracts or expands in a manner so that the enclosed magnetic flux
remains the same.

1.4.3 Loss of Particles

The particle motions discussed previously become disturbed by
electromagnetic fluctuations and by collisions with neutral and ionized
constituents of the earth's atmosphere. Collisions and electromagnetic
variations that violate the first adiabatic invariant of a particle cause
changes in its energy and/or its pitch angle. These parameters of
the particle are governed by a diffusion process (Section 5). Particles
whose pitch angles decreage will have mirror points deeper in the
atmosphere where absorption is more likely to occur. Hence,
pitch angle diffusion causes particles continually to be precipitated

X F"V y 'w’ L "‘ "'ﬂ'. t.. v; Lo "
v 'Gl’ﬁ" " -';.5 M v’,ﬂ""?'g.‘ “": ® - ‘$5e

b

e R b e B AT e NN e ey




o

or dumped in the atmosphere. Trapped particles, especially protons,
also may lose so much energy by particle interactions at high altitudes
that they may become indistinguishable from the thermal plasma,
Protons of energy less than about 100 KeV may even leave the
trapping region by losing their charges in charge-exchange col-
lisions (Section 5).

Electromagnetic variations of periods greater than the gyro-
period but less than the azimuthal drift period may cause changes in
the L-shells of the particle. This process is called radial or L-shell
diffusion. It is an important means by which particles are distributed
in the radiation belts. By radial diffusion, particles are removed
from the radiation belts by transport across the inner or outer
boundaries of the trapping region.

1.4.4 Source of Particles

Two mechanisms appear to be responsible principally for the
population of the radiation belts. One is by an inward transport of
particles across L-shells from the outermost closed field lines of
the earth., This process also was mentioned previously as contrib-
uting to the loss of trapped particles. The transport is by radial
diffusion (References 19 and 20). Section 5 contains evidence sup-
porting the concept of particle transport into the radiation belts
from the outer boundary,

The other prominent source —possibly responsible for the
high-energy protons that appear at L < 2 (Section 4) — is the decay
of cosmic ray albedo neutrons. Neutrons of broad energy and
angular distributions are produced by collisions between cosmic
rays and nuclei of the earth's atmosphere. Some of these neutrons
either diffuse or move directly out of the dense atmosphere toward
high altitudes. Since they have a radioactive half life of about 11
minutes, some neutrons will decay in flight producing protons (which
have nearly the same energies and initial directions as the neutrons)
and electrons. The protons and electrons will be trapped in the
field if they have initial directions sufficiently inclined to the mag-
netic field lines that they will have mirror points above the dense
atmosphere. This process, together with mathematical formulations
of other source and loss mechanisms, are discussed in detail in
Section 5.
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1.5 MAGNETOSPHERIC ELECTRIC FIELDS

Quasi-stationary electric field components along magnetic field
lines cannot persist for times greater than about 100 seconds because
charged particles of the thermal plasma, which have high mobilities
along field lines, neutralize the electric field. However, electric
fields across magnetic field lines are not restrained as easily.
Charges cannot cross magnetic field lines to neutralize the electric
field except in the region of the ionosphere where the collision rate
becomes appreciable. Nevertheless, the effective resistance of the
ionosphere is fairly high and quasi-stationary electric field strengths
up to tens of millivolts per meter have been cbserved (References
22 and 23).

The presence of these electric fields cause charged particles to
drift in the direction of E X B, where E and B are the electric and
magnetic field intensities, respectively (Section 3). The drift motion
is perpendicular to E and B, and is the same for every charged
particle, regardless of its velocity, mass or charge.

Since particles of a thermal plasm2 do not drift rapidly because

. of influences such as a gradient or curvature of the magnetic field
(Section 3), the plasma along a magnetic field line behaves in an

E X B field as an element of a fluid in a velocity field. Ir fact, when-
ever the electric field component along the magnetic field is negligible,
the motion of the plasma is described by means of the hydromagnetic
equations (Section 3), which are similar to the equations governing

the motion of a fluid. In the magnetosphere, the thermal plasma

often undergoes a circulative motion referred to as magnetospheric
convection (Section 1.6) because of its resemblance to convection in

a fluid.

Sometimes it is conceptually helpful to regard the magnetic field
lines as moving with the E x B drift velocity and the thermal plasma
to be ''tied’’ to the field lines rather than to regard the plasma as
drifting across magnetic field lines (Reference 24). This concept is
valid in the magnetosphere where the electric field component along
magnetic field lines is small.

Some of the more prominent electric field systems in the magne-
tosphere are discussed in the following paragraphs.
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1.5.1 Corotation Electric Field

Collisions between the charged particles of the ionosphere and
the neutral constituents of the atmosphere cause the ionospheric
plasma to corotate with the earth. In a stationary frame of refer-
ence (nonrotating) in which the magnetic field is considered to be at
rest, the motion of the plasma across magnetic field lines induces
an electric field. Since the magnetic field lines are very nearly
equipotentials, as discussed above, the electric field is propagated
into the magnetosphere along magnetic lines of force. It is easy to
show that, for a dipole magnetic field, the electric field configuration
also causes the magnetospheric plasma to corotate with the earth.

The electric field lies in magnetic meridian planes and is di-
rected toward the local centers of curvature of the field lines. The
electrical potential between a pole and the equator is about 100
KV, and the horizontal component of the electric field intensity at
a latitude of 45 degrees is about 15 millivolts per meter (Reference
24). At low L-values, the dipole field lines remain undistorted during
rotation. At altitudes greater than a few earth radii, the field lines
become distorted by the distant current sources (Section 2). At
latitudes above the auroral zone, the field lines are drawn back into
the magnetospheric tail. But still, at low altitudes, the field lines
rotate with the ionosphere.

This electric field, of course, is not present in a frame of refer-
ence that rotates with the earth. Hence, the thermal plasma engaged
in the corotation is not influenced by the field. However, more
energetic particles, which do not remain on a field line, are influenced
by the corotation electric field. This field principally affects the
motions of particles that have energies less than about 10 KeV
(References 25 and 26).

1.5.2 Clectric Fields Inferred from lonospheric Currents

Other electric fields that affect low-energy trapped particles are
inferred from ionospheric current systems (Section 2). The currents
are due to the differential response of ions and electrons to electric
and magnetic fields in the altitude range of 90 to 140 kilometers. The
ions encounter many collisions with neutral particles during an ion
gyration period; hence, they tend to move with the winds. Conversely,
the electrons undergo many gyrations in the magnetic field between
collisions; hence, their motions are principally controlled by the
magnetic and electric fields. Two driving mechanisms for these
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currents are therefore possible—high-altitude winds, which put ions
in motion, and electric fields, which preferentially move the electrons.
The former mechanism is more important at low latitudes and the
latter appears to be more important at high latitudes.

THE IONOSPHERIC DYNAMO. The Sq current system discussed
in Section 2 results from a dynamo effect. The expansion of the
atmosphere, due to the tidal and heating action of the sun, causes
the ionospheric plasma to move across magnetic field lines. This
motion generates an electric field that drives the ionospheric
currents. As in the case of the corotation electric field, the mag-
netic field lines, approximately equipotentials, cause the electric
field to be applied in the magnetosphere. This electric field has
been verified by measurements in Reference 27, and the effect of
the electric field on trapped particles has been studied in References
25, 26, and 28.

THE MAGNETOSPHERIC DYNAMO, The Sq ionospheric current
system, which is usually prominent at high latitudes, is believed
to be driven by an electric field generated in the outer magnetosphere
by the interaction of the solar wind with the earth's field. Some
theories that have been proposed to explain the source of this field
are presented in the following subsection. Taylor and Hones (Ref-
erence 29) computed the magnetospheric electric field inferred by the
current system and showed that this electric field—by accelerating
solar wind particles that were initially in the magnetopause —could
account for the energetic particles observed in the auroral zones.

1.6 MAGNETOSPHERIC CONVECTION

During times of magnetic storms, the magnetosphere exhibits
dynamical properties that include the formation of the Sy ionospheric
currents mentioned previously, the inward motion of the plasma
sheet, enhanced auroral-particle precipitation, magnetic bays and
associated micropulsations (Section 2), rapid transport of energetic
particles in the radiation belts, the asymmetric ring current, and
inward motion of the plasmapause. These properties can be
explained qualitatively by assuming that during times of increased
solar wind pressure, especially when the interplanetary magnetic
field has a southward component, an electric field appears that is
generally directed from the dawn to the dusk sides of the magneto-
sphere.




1.6.1 Flow of Plasma

The electric field causes plasma to flow in the magnetosphere.
The flow is directed generally through the magnetosphere from the
tail toward the sun. Near the earth, the combination of the convec-
tion field and the corotation field results in the flow pattern shown
in Figure 1-4. The dashed lines depict the motion in the equatorial
plane of field lines which are principally influenced by the convection
field. The dotted lines closer to the earth depict the motion of
field lines that are affected principally by the corotation field. Only
the field lines within the closed solid line corotate with the earth,

1.6.2 Motion of Accelerated Particles

Charged particles in the tail region become accelerated to moderate
energies due to the inward motion of the magnetic field lines (Ref-
erences 30 and 31). When they reach distances within about 10 earth
radii from the center of the earth, the particles' energies are gen-
erally so high that their azimuthal drift velocities, due to the magnetic
field configuration, become comparable to the inward E x B drift
velocity. Hence, an appreciable charge separation occurs with
electrons drifting toward the east and protons drifting toward the
west. Together these motions of the charges establish a westward.
flowing electrical current. The charge separation does not preclude
the continued azimuthal drift of the particles because the charges
tend to be neutralized by currents in the thermal plasma that travel
along magnetic field lines at high altitudes and acroes field lines in
the lower ionosphere where the collision frequency is high. However,
the onset of the charge separation may trigger micropulsations
(Reference 32).

The minimum L-values reached by the electrons and protons de-
pends principally on the strength of the convection field. The
computations in Reference 33 show that, in a field of 0. 3 millivolts
per meter, the electrons reach a minimum L-value of about 3 on the
dawn side of the earth and the protons reach minimum L-value of
about 5 on the dusk side.

1.6.3 The Plasmasphere

The density of the thermal plasma generally diminishes steadily
toward higher L-values. But near the limiting L-values of the
convective flow (Figure 1-4), the density diminished precipitously,
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in the equatorial plane

ing from a uniform dawn~to-dusk electric field
across the magnetosphere and the corotation field

(Reference 43).

result

Figure 1=4. Flow of magnetic field li
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often by several orders of magnitude within a fraction of an earth
radius. The break in the density contour is referred to as the

lasmapause or as Carpenter's knee, in honor of Carpenter's dis-
covery of this feature by means of his whistler measurements
{Reference 34). The plasmapause is now confirmed by direct
satellite measurements (References 18, 35, 36, 37, and 38). The
dense plasma region within the plasmapause is called the plasma-
sphere., The configuration and dynamical motion of the plasmasphere
appear to result from the convection process. The convection field
causes the thermal plasma, which diffuses upwards from the iono-
sphere along magnetic field lines, to drift out of the magnetosphere
along the flow lines shown in Figure 1-4.

1.6.4 Theory of Magnetospheric Convection

Theories of magnetospheric convection are discussed in a recent
review article (Reference 21). Two of the more prominent theories
are the closed magnetospheric model in Reference 30 and the open
magnetospheric model in Reference 39.

In the closed model, the magnetic field lines of the earth are closed
and confined in a cavity by the solar plasma, and the convection is
caused by a viscous interaction between the motion of the solar wind
and the magnetospheric plasma. The mechanism of the interaction
is not specified. Only a momentum transfer from the solar wind
to the plasma on the closed geomagnetic field lines near the magne-
topause is assumed. This momentum causes these outer magnetospheric
field lines to move toward the antisolar direction. Two convection cells
are established (Section 5.6) that cause field lines at lower latitudes
to convect forward, toward the sun. The forward motion of the plasma
results generally in the flow pattern discussed previously.

In the open model, high-latitude magnetic field lines are not all
closed-——some become connected with the interplanetary magnetic field,
Connection is favored when the interplanetary field has a component
opposite to the direction of the geomagnetic field line. The connection
occurs principally cn the sunward side of the magnetosphere where
the solar wind compresses the interplanetary field lines against the
magnetopause. Those geomagnetic field lines that become connected
to the interplanetary field lines then are moved by the solar wind to
the magnetospheric tail. Magnetic flux is conserved by the reconnec-
tion of the oppositely directed geomagnetic field lines in the neutral
sheet and subsequent convection of the field lines forward in the mag-
netosphere, toward the sun. Again the forward convection is similar
to the discussed flow.
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Data are being cbtained on large-scale electric fields and on
magnetospheric plasma motions (Reference 40), but definitive infor-
mation of whether the magnetosphere is closed or gpen is not yet
available.

s wly,

.




10.

REFERENCES

J.H. Wolfe and D.S. Intriligator. ''The Solar Wind Interaction
with the Geomagnetic Field,' Space Science Rev., 10, 511, 1970.

. A.J. Hundhausen, J.R. Asbridge, S.J. Barne, H.E. Gilbert,

and 1. B. Strong. '"Vela 3 Satellite Observations of Solar Wind
Ions: A Preliminary Report,'" J. Geophys. Res., 72, 87, 1967.

E.N. Parker, "Dynamics of the Interplanetary Gas and Magnetic
Fields," Astrophys. J., 128, 664, 1958,

J.M. Wilcox and N. F. Ness, '"Quasi-Stationary Corotating Struc-
ture in the Interplanetary Medium,'" J. Geophys. Res., 70,
5793, 1965.

J. M. Wilcox. "The Interplanetary Magnetic Field. Solar Origin
and Terrestrial Effects,” Space Sciences Rev., 8, 258, 1968.

W.D. Cummings and P.J. Coleman, Jr. '"Magnetic Fields in the
Magnetopause and Vicinity at Synchronous Altitude,' J. Geophys.
Res., 73, 5699, 1968,

W.I1. Axford, "The Interaction Between the Solar Wind and the
Earth's Magnetosphere,' J. Geophys. Res., 67, 3791, 1962,

P.J. Kellogg, '""Flow of Plasma Around the Earth," J. Geophys.
Res., 67, 3805, 1962,

N.F. Ness, C.S. Scearce, and J.B. Seek, ''Initial Results of the
IMP 1 Magnetic Field Experiment,' J. Geophys. Res., 69,
3531, 1964.

J.H. Wolfe, R. W, Silva, and M. A, Myers. ''Observations of the
Solar Wind During the Flight of IMP 1," J. Geophys. Res., 71,
1319, 1966.




LA

ll. K.V. Ar'o, JI R- A.hr‘d‘e. s. Ju m. A‘Jo Hmdh“uen. md
1.B. Strong. '""Observations of Solar Wind Plasma Changes Across
the Bow Shock, " J. Geophys. Res., 72, 1989, 1967.

12. J.H. Wolfe, R.W. Silva, D.D. McKibbin, and R. H. Mason.
"Preliminary Qbservations of a Geomagnetic Wake at 1000 Earth
Radii," J. Geophys. Res., 72, 4577, 1967.

13. N.F. Ness, C.S. Scearce, and S.C. Cantgrano. '"Probable
Observation of the Geomagnetic Tail at 10 Earth Radii by -
Pioneer 7," J. Geophys. Res., 72, 3769, 1967.

14. N.F. Ness. ''"The Earth's Magnetic Tail," J. Geophys. Res.,
76, 2989, 1965,

15. S. J. Bame, J. R. Asbridge, H. E. Felthauser, E. W. Hones,
and I.B. Strong, "Characteristics of the Plasma Sheet in the
Earth's Magnetotail," J. Geophys. Res., 72, 113, 1967.

16, K.A. Anderson. "Energetic Electron Fluxes in the Tail of the
Geomagnetic Field,' J. Geophys. Res., 70, 4741, 1965.

17. T.W. Speiser and N.F. Ness. 'The Neutral Sheet in the Geo-
magnetic Tail: Its Motion, Equivalent Currents, and Field Line
Connection Through It," J. Geophys. Res., 72, 131, 1967.

18. V. M. Vasyliunas. "A Survey of Low-Energy Electrons in the
Evening Sector of the Magnetosphere with OGO 1 and OGO 3,"
J. Geophys. Res., 73, 2839, 1968.

19. M.P. Nakada, J.W. Dungey, and W,N. Hess. ''Theoretical
Studies of Protons in the Outer Radiation Belts, ' Space Science,
5, North Holland Publishing Co., 1964, and J. Geophys. Res.,
70, 3529, 1965.

20. L.L. Newkirk and M. Walt. 'Radial Diffusion Coefficient for
Electrons at 1, 76< L.<5," J. Geophys. Res., 73, 7231, 1968.

21, W.I. Axford. "Magnetospheric Convection,' Reviews of Geophys.,
1, 421, 1969,

1=20




22.

23.

24.

25.

26,

21.

28.

29,

30.

31.

32.

g§. Hierendel, R. liist, E. Rhgor, and H. Volk. "Highly -
Irregular Artificial Plasma Clouds in the Auroral Zone, " p. 293,

Atmospheric Emiasions, ed. by B. M. McCornuc and A. Omholt,

Van Nostrand Reinhold Company, 1969.

Report X-612-69-62, Godderd Space mw‘ Center.

Releases,

H. Alfven and Carl-Gunne ﬂlthamm Cosmical Electrodynnmlcs.

Oxford University Press, 1963,

J.B. Cladis, G.T. Davidson, W.E. Francis, L. L. Newkirk,
L.R. Tepley, M. Walt, and R.C. Wentworth. Search for Possible
Loss Processes for Geomagnetically Trapped Particles gti/A).
Lockheed Report No. M-57-65-1 and DASA Report No. 1713, 1965

E.W. Hones, Jr. '"Motions of Charged Particles Tra.pped in the
Earth's Magnetosphere, " J. \Ge. ays. R.e(.. Q_S_a 1209. 1963,

G. Haerendel, R. Liist, and E. Rieger. “M(Monl of Artiﬁcml
Ion Clouds in the Upper Atmosphere.“ :
1, 1967. '

H. Maeda, "Electric Fie}.df in ﬂw mtmphero Associated with
Daily Geomaﬂeﬂc "Variations #nd Théir Effects on Trapped Par-

ticles," .__74 _.ghe.ricvmd’r,cm” strial Phys., 26, 1133, 1964.

H.E. Taylor and E.W. Hones, Jr. "Adiabatic Motion of Auroral

Particles in a Model of ﬁ\e Electric and Magnetic Fields Surrounding

the Earth o «‘ - Re'o. 70’ 3605. 1965- :

W.1. Axford and C.O. Hines. "A Unifying Theory of High- Latitude
Geophysical Phenomena and Geomagnetic Storms," Can. J. Phys.,
39, 1433, 1961,

W.I1. Axford. 'Interaction Between the Solar Wind and the Magne-
tosphere, ' Physics of Geomagnetic Phenomena, ed. by S.
Matsushita and W.H. Campbell, p. 1243, Academic Press, New
York, 1968.

J.B. Cladis. 'Dynamical Motion of Geomagnetic Flux Tube
Resulting from Injection of High-Energy Particles,' Earth's
Particles and Fields, ed. by B,M. McCormac, p. 307, Reinhold
Book Corporation, 1968.

1-21
e o -~ Aol oSS, _ahelieitn.  cotihiasiinie. o
‘laﬁ.‘\ R R “!,‘,..‘:& R -W‘ J P 3;'0#“,,'1‘..“.‘1L‘ 1..',6:‘. 7y - ’vr‘:&t ‘\1;.
eSO ) ARy A L A N 4"@4"5\ Y by Yo 'f‘,fu'?.‘-,)n
O v DN 3 -"ufﬁ‘ > ,]:'f-,‘ Py ‘]* L Y N
AN X5 . R B SRR S
E P ) ‘:u A T ot
v ) S Y m Ty SO v




33. L.D. Kavanagh, Jr., J.W. Freeman, Jr., and A.J. Chen, -
"Plasma Flow in the Magnet&igere." J. Geophys. Res., 73,
5511, 1968. X

34, D. L. Carpenter, ‘''‘Whistler Studies of the Plasmapause in the
Magunetosphere, 1, Temporal Variations in the Position of the Knee _
and Some Evidence on Plasma Motions Near the Knee,' J. Geophys. e i
Res., 71, 693, 1966. :

35. K.1. Gringauz. "The Structure of the Ionized Gas Envelope of
Earth from Direct Measurements in the U,.S.S.R. of Local Charged o
Particle Concentrations,' Planetary Space Sci., 11, 281, 1963, R

36. J.H. Binsack, '"Plasmapause Observations with the M.I.T. Experi-
ment on IMP 2,'" J. Geophys. Res., 72, 5231, 1967.
£ ‘
37. H.A. Taylor, Jr., H.C. Brinton, and M. W. Pharo, III, "'"Contrac-
tion of the Plasmasphere During Geomagnetically Disturbed Periods," A
J. Geophys. Res., 73, 961, 1968. e

38. C.R. Chappell, K.K. Harris, and G. W. Sharp. "A Study of the
Influence of Magnetic Activity on the Location of the Plasmapause
as Measured by 0GO-5," J. Geophys. Res., 75, 50, 1970. o

39, J.W. Dungey. "The Interplanetary Magnetic Field and the Auroral
Zones," Phys. Rev. Letters, 6, 47, 1961.

40. J.W. Freeman, Jr. ''Observation of Flow of Low-Energy Ions at RN
Synchronous Altitude and Implications for Magnetospheric Convec- SR
tion,' J. Geophys. Res., 73, 4151, 1968.

41. W.N. Hess. The Radiation Belt and Magnetosphere, Blaisdell e EL
Publishing Co., 1968. I )

42. N.F, Ness. ''Observations of the Interaction of the Solar Wind

with the Geomagnetic Field During Quiet Conditions," Solar. W
Terrestrial Physics, ed. by J. W. King and W.S. Newman, p. 57, %,
Academic Press, New York, 1967.

43, C.R, Chappell, K.K, Harris, and G. W. Sharp. '"The Morphology %f*‘ﬁ
of the Bulge Region of the Plasmasphere,' J. Geophys. Res., ‘
15, 3848, 1970. P

PRPEr ST R




SECTION 2
THE GEOMAGNETIC FIELD

L.L. Newkirk, Lockheed Palo Alto Research Laboratory

2.1 INTRODUCTION

The geomagnetic field is generated by various primary sources
of magnetism located within the earth and in the surrounding
magnetosphere. Near earth, the internal magnetization of the
earth (believed to be produced by electric currents flowing in the
earth's core) is the major source and is known as the main or
permanent field. It is the dominant field in the trapping region of
space and exerts the controlling magnetic force that leads to particle
trapping.

The main field can be represented to an accuracy of about 90
percent by the magnetic field that would result from a tilted dipole
positioned at the earth's center. The remaining 10 percent of the
field consists of large, regional anomalies covering thousands of
square miles and of small surface field anomalies caused by local
magnetic ore deposits. The main field shows a secular variation
that is characteristically a fraction of a percent change in the field
per year. In some cases involving trapped radiation, the simple
dipole approximation to the field is adequate. In most studies, how-
ever, a more accurate field representation is required, given by
a many termed spherical harmonic expansion fitted to measured
values of the field. This field representation is applicable out to
5to 6 Rg. Beyond this distance, a system of currents flowing on
the boundary and in the tail region of the magnetosphere (due to the
solar wind geomagnetic field interaction) creates fields that distort
the geomagnetic field from the main field configuration.

Field models that incorporate the effect of these currents have
been developed and provide a description of the geomagnetic field
at large distances. Also, perturbing effects at low altitudes due to
ionospheric currents and at several earth radii due to ring currents
sometimes must be included in field representations.




The geomagnetic field, like other large-scale phenomena found
in nature, is never absolutely quiescent or undisturbed, Field am-
plitude measurements versus time show.a variety of disturbances
having time durations lasting from only#fraction of a second to as
long as several days, The patterns are irregular in some cases and
smooth in others and may have a partially periodic or oscillatory
structure, The amplitude variations range from a small fraction of
one gamma (lo-sgauss) to several hundred gammas, Many of the
disturbances are localized events, but others encompass a signif-
icant portion of the magnetosphere. Some of the disturbances undoubt-
edly play a strong role in the particle supply and loss processes that
determine the intensities of radiation belts.

The numerous types of magnetic disturbances, along with their
causes, will be discussed in subsequent portions of this section,
Appendix 2A describes some of the magnetic indices used in trapped
radiation studies to characterize the relative intensities of magnetic
disturbances,

2,2 MAGNETIC FIELD ELEMENTS

The geomagnetic field at a point customarily is denoted either by
the vector F of traditional usage or, more recently, by the conven-
tional vector B. Figure 2-1 illustrates seven magnetic elements
that are commonly used to describe B on the earth's surface, The
scalar B represents the total field intensity. The elements X, Y, and
7 are the north, east, and vertical components (or -Bg, By, and -B,
in a spherical coordinate system) and have positive senses in the direc-
tions indicated., The magnetic declination D is the angle between X
and the horizontal intensity H and is given by the deviation of a com-
pass from true north., A positive declination results from an east-
ward deflection. The inclination or dip angle I is the angle between
H and B and is given by the dipping of a magnetic needle below the
horizontal plane. I has a positive sense when directed downward,

Routine measurements of surface geomagnetic field elements and
their time variations are recorded continuously at permanent magnet-
ic observatories and temporary stations, To supplement these meas-
urements, magnetic surveys are made every few years to cover land
and sea areas away from the fixed observatories and stations, In
addition, satellite measurements of the geomagnetic field in space ave
made now and have become an important part of the effort to map the
earth's magnetic field, thus providing comprehensive coverage in a
relatively short time,
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Figure 2-1, Elements of the geomagnetic field,
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To completely specify the vector B requires the measurement of
three independent elements of the field. Any of the remaining field
elements can be determined since each is a known function of the
measured set, The elements B, D, and I usually are measured
aboard aircraft and survey ships at sea, In land surveys, H (or Z,
occasionally) is substituted for B. In space measurements, satellites
generally measure the total field intensity and sometimes obtain field
components relative to the satellite trajectory or to the sun, Fig-
ures 2-2 and 2-3 show the surface magnetic field eiements B and I
for epoch 1965 (Reference 1). The charts show isomagnetic lines
along which the respective geomagnetic field elements are constant.
Variations in the data due to the long-term, or secular, variations
in the field during the period of observation are taken into account in
preparing charts like these, Because the secular changes are only
partially predictable, magnetic charts are revised periodically, The
secular variation in the total field intensity B at epoch 1960 is shown
in Figure 2-4.

2.3 THE DIPOLAR FIELD OF THE EARTH

The simplest approximation to the geomagnetic field is the field
that would result from an earth-centered dipole directed southward
and inclined at 11,5 degrees to the earth's rotational axis (north and
south poles at 78.5°N, 291°F and at 78, 5°S, 111°E, respectively).
An improved approximation is the field that would aoriginate from a
dipole displaced 0, 0685 earth radii from the earth's center toward
a direction defined by geographic latitude 15, 6°N and longitude 150, 9°E,
The intersections of the displaced dipole axis with the earth's sur-
face are at 81,0°N, 84, 7°W and at 75,0°S, 120, 4°E (Reference 2).
Recause the north pole of the magnetic dipole field is located in the
southern geographic hemisphere, the sense of the field direction is
from south toward north, The field intensity at the equator on the
surface is about Bg~ 0,312 gauss (Reference 3).

A simple dipole field has these components (Reference 4) in a
spherical coordinate system:

R 3
B = ir‘—dcose = 2B (—2) cos® (2-1a)
r 3 o\r
r
R 3
M . o .
B, = ——sing = B \— sin 6 » (2-1b)
6 r3 o T
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whereas the dipole tield in a cylindrical coordinate system has the
following coordinates:

B = - __3MRz (2-2a)
R 2 2)572
R + =z
2 2
B = + M_LB._J_E'T) . (2-2b)
z 2 2 572
R +=
The magnetic . (M) of the earth's field is approximately

Mp=> -8,07 x 1 gauss cemd & 0,312 gauss (earth rddii)3. The mag-
netic field at the equator, where R = r = R, is denoted by B,. The

components of the earth's field are sketched in Figures 2-5 and 2.6
(south is in the -z direction).

The intensity of a magnetic field is the vector sum of its com-
" ponents; in spherical coordinates

B =,Ef + B‘; = %\’1 + 3cos’® , (2-3)
r

and in cylindrical coordinates

z z
B =\E§ + B2 - ﬁ-—-——;z’"‘zz4. (2-4)
z (R + 2z )

_ The field lines, which have everywhere the direction of the vector
B, are defined by the following equations. In spherical coordinates

r = R _sin 0 : (2-5)

land in cylindrical coordinates

3/2
RZRO = (RZ + zz) . (2-6)

Onc half of a field line has been sketched in Figures 2-5 and 2-6,
Several representative field lines are shown in Figure 2-7 along with
contours of cqual ficld intensity, Fach field line is labeled according
to its equatorial intersection Ro = LRE. The constant-B curves are
equivalent to:

B 0.312Jl + 3 sinz)t

3 6 *
L cos A
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Figure 2-5. A magnetic dipole field in spherical coordinates.
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Numerical magnitudes correspond to the earth's field,. When the con-
stant- B curves are rotated about the polar axis, the result is a clased,

egg-shaped constant-B surface (see Figure 3-11). Rgis the radius
of the earth, A is latitude, and L corresponds to the magnetic shell
parameter in Reference 5.

2.3.1 Distance Along Field Line and Volume
Between Shells of Field Lines

The distance (S) measured along a field line from the equator is
a useful parameter and is sometimes used to identify a pointon a
field line, As a functionof £ = sin) = cos@ , the differential dis-
tance element for a dipole field is

ds = no'Jx +3¢% ace . (2-7)

The integrated distance along a dipole field line from equator to
§ = sinlis:

- ?"[; 14 3;2 + m(ﬁgu/x +3¢ )} | ‘,tz.-v-'a)‘

S is plotted in Figure 2-8 (in units Ro = LRp)(see Table 38-1).
The scale at the bottom of the figure is the equatorial pitch angle of
a particle that mirrors at the corresponding latitude. Up to 50-
degree latitude, S may be determined with fair accuracy by means
of the empirical formula:

S~ 0.019AR
o

where A is expressed in degrees, At 90-degree latitude, S = 1, 3802 Ro.

The derivative of magnetic field intensity along the field line is

dB By 3;(3 + 5§ 2) (2-9)
o(l - 52)4 1 + 3?)

From Equation 2-7, -the volume between two cylindrically symmetric

shells bounded by dipole field lines is fairly simple to obtain, If the
shells are located at an equatorhl distance R, = Rpl and separated
by a small distance § R, = Rgd L, the volume included between the
two L.-shells is:
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The total volume contained between the earth's surfuce and a shell
of field lines with an equatorial intersection at R, is plotted in
Figure 2-9 as a function of L = Ry/Rp. In these equations, Rpis
the radius of the earth and L corresponds to the magnetic shell
parameter of Mcllwain (Section 3).

2.3.2 Geomagnetic Coordinate Systems

Various coordinate systems based on the geomagnetic field are
used in place of geographic coordinates to simplify the study of trapped
radiation and other phenomena in space that are controlled or in-
fluenced by the field., The most elemental geomagnetic coordinate
system is one aligned with the centered dipole, It is shown in Fig-
ure 2-10, superimposed on geographic coordinates, The points where
the dipole axis intersects the earth's surface serve to locate the geo-
magnetic (or dipole) north and south poles (78.5°N, 291°F and 78, 5"S,
111°E, respectively). The geomagnmetic equator lies in a plane pass-
ing through the center of the earth and perpendicular to the dipole axis,

Angular positions in this system are expressed as geomagnetic
(or dipole) latitude and geomagnetic longitude, The prime geomagnetic
meridian contains the geographic south pole and lies approximately
along the geographic meridian 290°E (70°W) over most of its length,
In analogy with the definition of local geographic time, local geo-
magnetic time is defined in terms of the angular position (in hours)
of the sun relative to the geomagnetic meridian of the observer,
Geomagnetic noon occurs when the sun is in the geomagnetic meridian
plane of the observer,

An accurate coordinate system of geomagnetic latitude and geo-
magnetic longitude [based on the {ield-line configuration given by the
international geomagnetic reference field 80-term expansion (Ref-
erences 7 and 8) for epoch 19459. 75] has been prepared in Reference 9,
In this system, the latitudes are invariant latitudes (see Equation 2-15),
and the meridian surfaces are defined by families of field lines
intersecting radial lines in a predetermined equatorial plane, North
and south polar plots and world maps of this system of geomagnetic
latitude and longitude are provided in Appendix 2B for the surface of
the earth and at a 3, 000-kilometer altitude.
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A coordinate system of considerable utility is one in which each
dipole field line is labeled by the magnetic shell parameter L. = R,/Rp
(Reference 5) and a point on the field line is identified by the field
intensity B at the point. Sometimes the geomagnetic latitude, the
distance S along the field line, or a set of curves defined by:

r = [constant]VcosO (2-11)

which are orthogonal to the field lines are employed instead of B to
specify points on the field line.

The analysis of trapped particles is complicated because the geo-
magnetic field actually has a high degree of azimuthal asymmetry.
Symmetric coordinate systems based on the terrestrial dipole are
found to have only limited applicability, Various coordinate systems,
based on parameters analogous to some of those described previously
for a dipole field, have been proposed with the intent of restoring
some of the aspects of azimuthal symmetry (Reference 5), Trapped
particle populations thereby can be described in terms of an idealized
dipole {ield with strict azimuthal symmetry, The discussion of coor-
dinate systems of this kind, which involve equations of motion, are
deferred until Section 3,4, 3,

2.4 THE SPHERICAL HARMONIC
EXPANSION OF THE FIELD

Although the simple dipole approximation is useful in some cases,
a higher order approximation generally is required to describe the
field in most trapped radiation studies,

With the assumption that electric currents are negligible in the
region above the earth, the magnetic field B is due only to the internal
sources of the main field and can be expressed as the negative gra-
dient of a magnetic potential Wy, that satisfies Laplace's equation:

B=-v¥ . (2-12)

The general solution for ¥, can be expressed as a sum of spherical
harmonics (Reference 10):

’ n + 1
= RE & m
Wm a—'RE Z _r— 2 Pn (8)
n=1 m =0
m m
. [gn cos me + hn sin m¢] ; rZRE (2-13)
2-17
';“.""“f' 3':': -




where r is the radial distance from the earth's center, Rg is the
earth's radius, and 6 and @ are geographic colatitude and east lon-
gitude, respectively, The Schmidt functions (Reference 10):

m

P (0) = {2 e 2 - 50.:;) 1/2

n (n + m)! Pn, m(

) (2-14)

are multiples of the associated Legendre functions Pp 1,(6) of degree n
and order m; the Kronecker delta (60 m) equals one if m = 0 and
equals zero if m # 0, The g%‘ and hn are constants referred to as
Gaussian coefficients whose values (to some maximum ﬁ) are obtained
from a best fit to measured values of the surface magnetic field compo-
nents (Equation 2-12), Once the g and the h'}} are known, ¥, is
completely determined and defines the field for r 2 Rp. Analytic
techniques have been developed recently that allow Gaussian coefficients
to be derived from measured values of the total field intensity rather
than from measured field components (Reference 11), thus making
possible the utilization of numerous satellite measurements,

¥y, is sometimes expanded in Gauss-normalized, associated-
Legendre functions (Reference 10) rather than in Schmidt-normalized
functizns, Either representation is valid, of course, but some prac-
ticable value exists in using Schmidt functions since the magnitudes
of the corresponding g'? and hi! then will indicate the relative con-
tribution of the various terms in the series,

2.4,1 Field Models

Tables of Gaussian coefficients have been determined by a number
of investigators, The field models that have been applied to trapped
radiation studies are:

1. The Jenscn and Whitaker (JW) 569-coefficient model
(Reference 12)

?. The Jensen and Cain (JC) 48-coefficient model
(Refcrence 13)

3. The Goddard Space Flight Center [GSFC (9/65)] 99-coefficient
mndel (Reference 14)

4, The Goddard Space Flight Center [GSFC (12/66)] 120-
coefficient model (Reference 15).
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The JW and JC models are static models and represent the field
in 1955 and 1960 respectively, The JW model was used to reduce
Explorer 4 data, The JC model has been used for several years and
has become the model used most widely for interpreting trapped
radiation data, The GSFC (9/65) model takes secular variation of
the field into account by including first derivatives with respect to
time of the initial 48 coefficients. The GSFC (12/66) model contains
second-time derivatives as well as first-time derivatives in all its
coefficients. It is a recent field model (epoch 1965) and is thought
to be more accurate than the other three models noted above (Ref-
erences 15, 16, and 17). Comparisons with experimental values sug-
gest that this model gives results in error by no more than a few tens
of gammas [1 gamma (y) = 10-3 gauss], although this conclusion
awaits further investigation. Coefficients for the JC model are given
in Table 2-1. The charts in Appendix 2C show contours of the total
field intensity at various altitudes, as determined from the Jensen
and Cain field model, Tables of coordinate points defining geomagnetic
field lines are given in Reference 18 for a representative group of
field lines distributed around the earth.

2.4.2 B,L Coordinates

The charts in Appendix 2C also show contours of constant-L, where
L is the parameter associated with a magnetic shell (Reference 5) in
the geomagnetic field awnd is analogous to the L = R, /Ry defined for
a dipole field in Section 2,3.2, L is discussed in detail in Section 3,

A coordinate system employing B and the parameter L is used
extensively to describe the distribution of trapped particles in radia-
tion belts, Because of the azimuthal asymmetry of the geomagnetic
field, the altitude of a constant-B, L. contour around the earth will
vary with longitude, Figure 2-11 shows the variation for several
values of B on thé magnetic shell L. = 1,20, B is in gauss, The
curves are based on the field model in Reference 13, Similar graphs
are also given in Appendix 2D for L = 1,12, 1,60, 2,20, and 3,50.
These graphs are useful because trapped particles experience similar
changes in their mirror point altitudes as they drift around the earth,
(Trapped particle motion is discussed in Section 3.)

For the cases shown, the variations in altjtude are appreciable;
maximum variations of 1,200 to 1, 500 kilometers occur in the south-
ern hemisphere, The minimum altitude for a given value of B is
observed to occur in the southern hemisphere near 315°E longitude.
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shell L = 1.20 (Reference 19).

Figure 2-11. Altitude versus longitude for constant-B traces on the magnetic
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More precisely, the minimum altitudes occur in the southern Atlantic
near Brazil in a region of low field values (Figure 2-2) known var-
jously as the South American, South Atlantic, or Brazilian anomaly.
However, this feature of the geomagnetic field is not really anomalous,
but is just the result of the field lines dipping closer to the earth in

the anomaly region because of the eccentricity of the geomagnetic

field with respect to the earth's center.

The South American anomaly is important in trapped radiation
studies because it is a region where particle losses due to atmospheric
scattering (Section 4, 7) are enhanced as a consequence of the denser
atmosphere encountered by the particles as they move through their
minimum altitudes, A comprehensive graph of minimum altitudes in
the anomaly as a function of B and L is presented in Figure 2-12,
Particle measurements in the B, L, regions below 1, 000 kilometers
should show solar cycle effects because of changes in atmospheric
density and composition, Also see Section 4.7,

For easy visualization, fluxes in B, L, space are sometimes
transformed to polar coordinate space r, A defined by the dipole
relations (Reference 5). Figure 2-13 shows a mapping of polar co-
ordinates onto the B, L plane by means of the dipole relations:

. 1/2

B=——-—o':lz( -%E) .r=Lcole
r

In these relations, r is expressed in units of earth radii. At low

values of A, determining numerical values from Figure 2-7 may be

preferable. Some caution should be exercised in using the figure

because of the asymmetry of the geomagnetic field,

The invariant latitude ( A ) defined by the expression:

cos’A = 1/L (2-15)

is sometimes used to organize auroral or particle precipitation data
near earth, It is interpreted as the latitude where the magnetic shell
whose value is L intersects the earth, Table 2-2 gives values of A
versus L for 0, 5-degree intervals in A from 0 to 89,5 degrees,

2.5 DISTANT MAGNETIC FIELD

The geomagnetic field at distances beyond about six earth radii is
considerably distorted by the presence of plasma currents flowing in
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Taoble 2-2. Tabular values of invariant latifude A (degrees) versus L.

A L L A L A L
.0 | 1.0000 22.5 | 1.1716 k5.0 | 2.0000 67.5 6.8264
.5 | 1.0001 23.0 | 1.1802 45.5 | 2.0355 68.0 7.1261
1.0 1.0003 23.5 1.1891 46.0 2.0723 68.5 T.uhh7
1.5 1.0007 24.0 1.1982 46.5 2.1105 6.0 7.7865
2.0 { 1.0012 2.5 | 1.2077 47.0 | 2.1500 6.5 8.1536
2.5 | 1.0019 25.0 { 1.21Th k7.5 | 2.1910 70.0 8.5486
3.0 | 1.0027 25.5 | 1.2275 48.0 | 2.2335 70.5 8.9745
3.5 | 1.0037 26.0 | 1.2319 48.5 1 2.2776 7.0 RSN
4.0 1.00k9 26.5 1.2486 4g9.0 2.3233 .5 9.9322
k.5 1.0062 27.0 1.2596 49.5 2.3709 T2.0 10.4721
5.0 1.0077 27.5 1.2710 50.0 2.4203 T72.5 11.0590
5.5 | 1.0093 28.0 | 1.2827 50.5 | 2.4T16 3.0 11.6985
6.0 | 1.0110 28.5 | 1.2948 51.0 | 2.52%0 73.5 12. 3970
6.5 1.0130 29.0 1.3073 51.5 2.5805 .0 13.1621
7.0 | 1.0151 29.5 | 1.301 52.0 } 2.6383 ™.5 1h.0024
7.5 | 1.0073 2.0 | 1.3333 2.5 | 2.8 5.0 1h.9282
8.0 } 1.0198 .5 | 1.370 53.0 | 2.7610 5.5 15.9%515
8.5 | 1.0223 1.0 | 1.3610 53.5 | 2.8263 76.0 17.0864
9.0 1.0251 31.5 1.3755 5k.0 2.89%44 76.5 18.3497
9.5 | 1.0280 32.0 | 1.905 5.5 | 2.9655 T1.0 19. 7617
10.0 | 1.0311 2.5 | 1.40% 55.0 | 3.096 7.5 21.365
10.5 | 1.0%k 33.0 | 1.k217 5.5 | 3.1171 78.0 23.1335
11.0 | 1.0378 33.5 | 1.h381 56.0 | 3.1980 8.5 25,1588
11.5 | 1.0hk #.0 | 1.45% 56.5 | 3.2826 9.0 27.4664
12.0 | 1.0852 .5 | 1.b724 57.0 | 3.3N12 9.5 0.1116
12.5 1.0491 35.0 | 1.4903 57.5 3.46 80.0 33.163%
13.0 | 1.0533 35.5 | 1.5088 58.0 | 3.5611 80.5 . 7098
13.5 | 1.0576 36.0 | 1.5279 8.5 | 3.6629 81.0 bo. 863
k.0 1.0622 36.5 1.5475 59.0 3.7698 81.5 45.7716
.5 | 1.0669 37.0 | 1.5678 9.5 | 3.8821 82.0 51.6285
15.0 | 1.0718 37.5 | 1. 60.0 | 4.0000 82.5 58. 6955
15.5 1.0760 38.0 1.6104 60.5 4.1240 83.0 67.3304
16.0 1.0822 38.5 1.6327 61.0 L.2546 83.5 78.0337
16.5 1.0877 9.0 1.6558 61.5 k.21 84.0 91.523L
17.0 | 1.0935 ¥.5 | 1.6795 62.0 | 4.53n 8.5 108.8564
17.% 1.0994 k0.0 1.Tobl 62.5 b, 85.0 131.6460L
18.0 | 1.1056 40.5 | 1.7295 63.0 | 4.8518 85.5 162.4476
18.5 | 1.1120 k1.0 | 1.7557 63.5 | 5.0228 86.0 5089
19.¢ | 1.1186 41.5 | 1.7827 6.0 | 5.2037 86.5 268.3177
19.5 { 1.1254 2,0 | 1.8107 .5 | 5.3955 87.0 365. 0896
20.0 { 1.135 2.5 | 1.8%7 65.0 | 5.5989 871.5 525. 820
20.5 | 1.1398 3.0 | 1.886 65.5 | 5.8150 88.0 821.0345
21.0 | 1.174 43.5 | 1.9005 66.0 | 6.0447 8.5 1455. 3566
21.5 1.15% Lk .0 1.9326 66.5 6.2893 89.0 3283.1318
22.0 | 1.1632 k.5 | 1.9657 61.0 | 6.5500 89.5 | 13131.4805
2-25
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the tail of the magnetosphere and currents in the magnetopause aris-
ing from the interaction of the solar wind with the geomagnetic field,

A spherical harmonic expansion of the boundary current field is
derived by Mead (Reference 20), based on the boundary surface and
boundary currents determined by Mead and Beard (Reference 21),
The model contains the assumption that the impinging solar wind is
field free and is reflected specularly from a plasma-free dipole field
oriented perpendicular to the sun-earth line., Mead found that the
boundary current field, except near the boundary, could be approx-
imated to within about 3 percent by a simple expansion involving only
two coefficients, For this case, the components of the total field
(dipole + boundary current) at a given point are:

0.31 sinb + 0,25 8iné

- Be(gauu) =

r3 R:
2.__241_r (2 cosZO -1) cos ¢ (2-16a)
R _
b
B¢(gauls) = O.il L cosb sin ¢ (2-16b)
R
b

0.62 cos@ 0,25 cos@

- Br (gauss) = 3 - 3
r Rb
l’-‘;z—r 8in@ cos® cos ¢ (2-16c¢)
Ry

where r is the geocentric distance in earth radii, @ is the colatitude,
@ is the local time measured from the midnight meridian, and R}, is
the geocentric distance in earth radii to the magnetosphere boundary
along the sun-earth line, The boundary distance is related to solar
wind parameters by the formula:

1/6
2 z)
R, = 1.068 (ME /411 mnu (2-17)

where n is the ion density, m the ion mass, and u the stream velocity
of the solar wind, Mg is the dipole moment of the earth,
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Using a description of the distorted field, basically the same as
given by the Equations 2-16a, 2-16b, and 2-16c but including the
higher order terms, Mead has calculated the field-line configuration
in the magnetosphere and presents the results in several useful
graphs and diagrams in his article, Figure 2-14 shows field lines
in the noon-midnight meridian plane, as compared with a pure dipole
field, The latitudes where the field lines intersect the earth's sur-
face are noted in the figure, Field lines emerging at less than 60-
degree latitude (L. < 4R ) are not distorted appreciably from a dipole
configuration, This model is believed to provide a good fit to the
distorted field during quiet times on the day side of the magnetosphere
and out to about 5 Rpon the night side (at times of the equinoxes when
the geomagnetic axis is nearly perpendicular to the sun-earth line).

Figure 2-14, Field-line configuration in the noon-midnight
meridian plane, with Rb =10 RE (Reference 20),
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Williams and Mead (Reference 22) modified the Mead and Beard
model simply by adding vectorially to Mead's distorted field model
(Reference 20) an additional field to represent the effects of the
plasma currents associated with the neutral sheet that separates
oppositely directed field lines in the tail of the magnetosphere, The
added field is two-dimensional and is pertinent only near the noon-
midnight meridian plane of symmetry,

The geometry chosen to represent the additional field is shown in
Figure 2-15. The x-axis points away from the sun and the y-axis
points sovth, The components of the field produced by a semi-
infinite current sheet in the geomagnetic equatorial plane and extend-
ing from R; to R; in the x direction are:

B - ZJ(Bz -61) (2-18a)

X

B
y

Current flow is out of the plane of the paper; J is the current density
(per unit length) in electromagnetic current units. Figure 2-16 gshows
the resulting magnetic field configuration in the noon-midnight merid-
ian plane for R, = 10 Rg, for R, = 40 R, and for a value of J that
produces a field of 40 gammas immediately adjacent to the sheet,
Latitudes where the field lines intersect the earth's surface are
given, The general effect of a neutral sheet field is to stretch out
the lines of force in the tail region,

2J log (R, /p,) . (2-18b)

Bx
B -~
S~
b4 \\
[ ~
8 \\ P
\3
~
~
G Py \\
177 o
N < - -
1 CURRENT SHEET 3

Figure 2-15. Coordinate system wsed to define the field due to a
semi=-infinite current sheet (Reference 22).
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Figure 2-16. Field-line configuration in the noon-midnight meridian plane,
including the field due to a current sheet (Reference 22).

2.6 GEOMAGNETIC TRANSIENT VARIATIONS
2.6.1 Solaer Quiet and Lunar Daily Variations

The continuous traces of the three magnetic elements recorded
at any station consistently show a daily time variation that is cor-
related with local time, The maximum variation occurs near local
noon and is on the order of 0, 1 percent of the total field, On some
days, the variations are smooth and regular; on other days, the
changes are irregular because of magnetic disturbances superimposed
on the smooth variation, The days in which irregular variations are
recorded are said to be magnetically active or disturbed days; those
with smooth traces are called magnetically quiet days.




The average variation patterns, derived for the field components
from suitably chosen quiet-day records at a station, collectively
define a variation field denoted by Sq, the solar quiet daily variation,
For each component, the variation is reckoned using the daily mean
value of the component at the station as a base line, The global
distribution of Sq varies systematically with latitude. In the magnetic
equatorial zone, the maximum variation in the horizontal intensity H
near local noon is characteristically about 100 gammas, and at higher
latitudes is -25 to -50 gammas.

Sq is also dependent on the season of the year and the phase of the
solar cycle. At the June solstice, Sq is enchanced in the northern
hemisphere and diminished in the southern hemisphere. At the
December solstice, the situation is reversed., At sunspot maximum,
Sq increases,

The daily variation of the field also includes a component having
a period of 0.5 lunar day (x 12.42 hours) and a pattern that varies
systematically with the phase of the moon, This variation is less
than 0,1 that of Sq, The average of this component of the magnetic
variation over many lunar days at a station is calied the lunar daily
variation, L, (not to be confused with the L-shell parameter), L is
somewhat enhanced during sunlight hours and displays seasonal
changes indicating that the sun, as well as the moon, plays a control-
ling role,

Spherical harmonic analysis of Sq or L data from a world network
of stations is used to determine the equivalent electric current systems
responsible for the observed magnetic variations, About two thirds
of the variations in Sq or in L is found to be due to current sources
external to the earth and the remaining one third to internal currents
induced within the earth's surface layers by variable external cur-
rents. The external currents responsible for Sq and L are found to
flow at approximately the same altitude (~100 kilometers). The
ratio of average external Sq and L current intensities is about
30 to 1.

The Sq and L electric current systems are produced by convective
movement of the conducting upper atmosphere across the earth's
magnetic field lines, The motion of the upper atmosphere occurs as
a result of pressure and temperature differentials in the atmosphere
brought about by solar heating and tidal forces, By analogy with an
electric dynamo, this mechanism is referred to as the atmospheric
dynamo (Reference 23).
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For a detailed discussion of solar quiet and lunar daily variations,
including plots of Sq and L and their associated current systems, see
Reference 24,

From rocket measurements, X rays are known to be emitted by
solar flares. On arrival at earth, these X rays cause an increase
in ionization in the sunlit hemisphere, particularly at lower levels,
The overhead current system is enhanced, often producing an
observable magnetic field variation calied a solar flare effect (sfe)
or a crochet (Reference 25), The variztion lasts 10 to 60 minutes
and is manifested as an augmentation of Sq. Ionospheric currents
due to solar flares occur lower in the ionosphere than Sq currents
and sometimes seem to flow in the night hemisphere but with reduced
intensity.

2.6.2 Geomagnetic Storms

A severe and long-lasting magnetic disturbance that occurs world-
wide is called a magnetic storm (References 25 and 26) and often is
accompanied by auroral displays and polar ionospheric disturbances,
The rate of occurrence of magnetic storms varies with the solar
sunspot cycle,

Magnetograms obtained at low- and middle-latitude stations indicate
that many storms undergo a sirilar pattern of development as the
storms progress, The start of a typical storm is characterized by
an abrupt increase in H and is known as the sudden commencement
(S.C.) of the storm. The increase 1s typically 20 to 30 gammas with
a rise time of 2 to 6 minutes; it is largest at stations near the magnet-
ic equator, The 2- to 8-hour interval during which the value of H
remains above its undisturbed value is known as the initial phase of
the storm.

The main phase of the storm follows and lasts 12 to 24 hours dur-
ing which H decreases to values that are typically 50 to 100 gammas
below the prestorm value, The final stage of the storm, known as
the recovery phase, commences and H gradually recovers to its normal
level in 1 to 3 days, although recovery time as long as 20 tp 30 days
is not uncommon, Individual storm records show irregularities,

The initial and main phases tend to be noisy., Often during the main
phase, large amplitude fluctuations occur with periods of about 0,5
hours, Some storms do not conform to this classic pattern and have
features that are missing or not easily identified,
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The simultaneous storm records obtained at auroral zone and
polar cap stationr are markedly different from this regular storm
pattern and are characterized by extremely large and sometimes
very rapid changes. Careful analysis is required to detect the reg-
ular storm variations in the high-latitude records,

The arnalysis of storms has shown that the typical storm variation
over the earth can be described conveniently by two components:
{1) Dst (or DST), which is symmetric about the geomagnetic axis,
and (2) DS (or Ds), which is a function of longitude relative to the sun
(Reference 25), Both components are also dependent on magnetic
latitude and storm time (time measured from the start of the storm),

Changes in the dynamic pressure of the solar wind blowing against
the geomagnetic field are believed to be a cause of magnetic storms
(Reference 27), The solar wind suddenly increases, compressing
the magnetic field (S.C.) and maintains the compression for a time
(initial phase). An outward distention then occurs (main phase) and
is followed by a relaxation of the field to its prestorm value (recov-
ery phase), Some uncertainty exists whether the main phase is
produced by an outward distention of the field because of hot plasma
generated by attendant processes or whether, instead, the main
phase is produced by a westward ring current (circling the earth at
several earth radii) consisting of electrons and positive ions that are . m
trapped or injected in the magnetosphere (Reference 25), A d -

Recent experiments suggest that an increase in solar wind pres-
sure may not be a necessary condition for the generation of all magnet-
ic storms (References 28 and 29), Instead, the southward component
of the interplanetary field appears to play the major role, an enhance-
ment in this component being strongly correlated with the initiation
of some magnetic storms,

2.6.3 Sudden Impulses and Bays

An impulsive change (genera'ly an increase) of several gammas
in the magnetic field followed by a gradual return to the normal field
value and without subsequent large field changes is called a sudden
impulse (S.1. or si) (Reference 25). The changes occur simulta-
neously at stations all over the world and are similar in characteris-
tics to S, C.’s, but have smaller amplitudes and less abrupt changes
in field intensity,
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Another type of simple magnetic disturbance is characterized by
a gradual increase or decrease in the field followed by a return,
perhaps with small oscillations, to the undisturbed field value, These
disturbances last ! to 2 hours and generally are preceded and followed
by undisturbed conditions. The horizontal component of the field is
affected most strongly and departs from undisturbed field values by 5
to 20 gammas at midlatitude stations and is perhaps a factor of 10
greater at higher latitudes, These disturbances are known as magnet-
ic bays because the resulting curves of field igtensity (principally H)
recorded at a station resemble a bay as it appears drawn on a map
(Reference 30), Magnetic bays are most pronounced at high latitudes
and occur principally at night near local midnight, Positive bays
occur several times more frequently than do negative bays, The
generation of magnetic bays and sudden impulses is related to changes
in the solar wind pressure and to changes in the southward component
of the interplanetary field (References 28 and 29),

2.7 GEOMAGNETIC PULSATIONS
2.7.1 Micropulsations

Micropulsations are geomagnetic field fluctuations that occur in
the ultra low frequency (ULF) region below about 3 hertz (Ref-
erence 31), They have periods ranging from about 0, 2 seconds to
10 minutes and amplitudes varying from a fraction of one gamma to
several tens of gammas, Figure 2-17 is an approximate representa-
tion of the power spectrum of magnetic fluctuations at the earth's
surface (References 32, 33, and 34), The figure is a composite of
data recorded in various frequency ranges {References 32, 35, 36,
37, 38, and 39), Though the general trend of the data presented in
the figure may be accepted as a fair representation of actual average
conditions, substantial uncertainties still exist in the interrelationship
between various types of disturbances. The ranges of proton and
electron gyrofrequencies, I and v, respectively, are indicated.
The range of periods T and characteristic amplitudes §H are indi-
cated for several classes of fluctuations., The micropulsation spec-

trum is bordered at low frequencies by storm time and Sq phenomena
and at high frequencies by extra low frequency (ELF) phenomena.

Certain types of micropulsations have been classified according
to the assignments shown in the figure, Micropulsations are divided
into two general types: continuous pc and irregular pi. A pc micro-
pulsation displays amplitude variations that are quasi-sinusoidal.,
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A pi micropulsation has irrsgularities in both frequency and amplitude.
The pc 1 pulsations have amplitude traces that resemble beads on a
string and are sometimes referred to as pearls (also hydromagnetic,
hm, emissions, and pp). In older literature, pc 58 were known as
giant pulsations (Pg) because of large amplitudes,

2.7.2 ELF Pulsotions

Pulsation frequencier ranging from about 3 to 3,000 hertz make
up the ELF region, The principal pulsations occurring in this fre-
quency range are ELF sfcrics slow-tails, earth-ionosphere cavity
resonances, and ELF emissions (Reference 31).

Sferics (an abbreviation for atmospherics) are electromagnetic
signals from atmospheric electrical discharges that propagate in the
wave guide formed by the ground and the lower edge of the ionospheric
E-region (Reference 40). The waveform of a sferic recorded at a
large distance from the source consists of a main high frequency
(mostly VLF) oscillatory head, frequently followed by a lower fre-
quency (ELF) tail-like oscillation that is sometimes referred to as
a slow-tail (Reference 41)., Slow-tails commonly last about 20
milliseconds and have frequency components mainly in the range 30
to several hundred hertz, M

Cavity resonance signals are disturbances that are resonantly
excited by lightning transients in the concentric spherical cavity
formed by the earth's surface and the lower. region of the ionosphere
(Reference 42), The power spectra of the signals often show maxima
near 7.8, 14,1, 20,3, 26.4, and 32,5 hertz.

Occasionally, whistlers and other phenomena that normally occur
at higher frequencies in the VLF (very low frequency) range some-
times produce lower frequency components in the ELF region, Also,
proton whistlers (Reference 43) and emissions (Reference 44), attrib-
uted to radiation at the gyrofrequency of auroral protons, have been
observed in the ELF range,

2.7.3 Whistlers and VLF Emissions

Whistlers are field pulsations observed in the frequency range
from 300 to 30, 000 hertz (Reference 45). They are produced by the
electromagu=tic disturbance from lightning, A part of the energy
from the disturbance penetrates the ionosphere and propagates along
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geomagnetic field lines to the opposite hemisphere, The higher fre-
quency components of the disturbance signal arrive first as a result
of wave dispersion by the ionosphere, Much of the power is in the
audio range (50 to 20, 000 hertz). After conversion to audible sound,
the signal is perceived as a variable pitch ""whistle' lasting a fraction
of a second to 2 or 3 seconds, Whistler echoes often are produced
when the signal is reflected several times from the end points of its
path, Whistlers are more apt to occur at nighttime, probably because
of reduced absorption in the ionosphere, The peak in whistler activ-
ity occurs near 50-degree geomagnetic latitude; few whistlers are heard
near the geomagnetic equator or poles, Nuclear detonations also
produce whistlers with characteristics essentially the same as those
of natural whistlers,

VLF emissions are other phenoraena having frequencies in the
whistler range (Reference 45) and are believed to originate from the
excitation of whistler mode waves by charged particles streaming
along field lines, The most common VLF emission is known ag
chorus (or dawn chorus) and consists of a series of oscillations
producing sounds that resemble birds chirping at dawn, Another
kind of ernission is a noise known as higs, produced by continuous
broadband emission in the 1- to 20, 000-hertz range, Periodic VLF
emissions are a type consisting of short bursts repeated at regular
intervals, typically of several seconds, They are believed to be
caused by a whistler and its echoes triggering other emissions in the
jonosphere, perhaps through the agency of streaming instabilities
(Section 5). A complete discussion of these and other types of VLF
emissions is contained in Reference 45,
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APPENDIX 2A
GEOMAGNETIC INDICES

The K-index is designed to measure the degree of magnetic disturb-
ance produced at a station by the solar wind, geomagnetic field
interaction, It is intended to serve as an indicator of solar wind
activity and is determined at a station for every 3-hour interval dur-
ing the day, commencing at 0000 Universal Time,

K is based on the amplitude range R of the most disturbed magnetic
component observed within a 3-hour interval at the station after Sq
and L variations, solar flare effects, and long-term recovery effects
have been eliminated from the observations, The ranges of R (in
gammas) that define K on a quasi-logarithmic acale for the standard
(midlatitude) magnetic observatory are shown in Table 2A-1,

«Ve 2 e AR

s ‘ Table 2A-1. Ranges of R (in gammas) that define K on a

t ‘- quasi-logarithmic scale. .

K R &) K R ()

) 0 0-5 5 70 - 120
¥ ] 5-10 é 20 - 200
. 2 10 - 20 7 200 - 330
- 3 20 - 40 8 330 - 500
: 4 40 - 70 9 2 500

To take the latitude dependence of magnetic variations into account,
different R scales are adopted at other stations to yield frequency

2 distributions in K that agree with the distribution at the standard
g observatory. Thus, a K of 9 represents 300 gammas or more at low
- latitudes and 2, 500 garnmas or more at auroral zone stations,

The Kp (planetary) 3-hour index is designed to measure the world-
wide, or planetary, geomagnetic activity and is based on K-values from
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12 stations located at magnetic latitudes varying from 48 to 63 degrees,
These K-indices are processed to eliminate local effects and then
translated into standardized indices Ks on a finer scale of 28 grades

, from 0o, 0+, 1-, 1o, 1+, 2-, 20, 2+, 3-, ... to 7+, 8-, 80, 84, 9-,

! 90, Kp is the average of the 12 Ks values and also is expressed on

: the same scale as Xs, A Kp value of 0o indicates an exceptionally
quiet period and the value 90 denotes the most severe storm conditions,

A measure of magnetic activity that is approximately linear is
sometimes preferred for certain investigations, The 3-hour equiv-
alent planetary amplitude, called ap, was constructed for this pur-
poae by converting Kp to the scale shown in Table 2A-2,

Table 2A-2, Equivalent amplitude ap versus Kp.

] Kp ap Kp ap
0o 0 5- 39
0+ 2 50 48

.. 1- 3 5+ 56

2 N P 4 6- 67
1 5 P 80 5
2- 6 6+ 9
2 7 7- m
2+ 9 70 132
3- 12 7+ 154
30 15 8- 179
3+ 18 8o 207
4- 22 8+ 236
4o 27 9- 300
4 32 % 400

The numerical value of ap is said to be in units of 2 gammas (e.g.,

for Kp = 4+, ap = 64 gammas) because at the standard observatory
the average range in gammmas of the most disturbed field element for
a given Kp is twice ap. When the eight ap values for one day are

I
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averaged, a new index Ap is obtained known as the daily equivalent
planetary amplitude,

Similar scales also have been derived for individual stations and
are termed ak and Ak. The index ak, known as the equivalent 3-hour
range, is a reconversion of K into a linear scale, and the index Ak,
called the equivalent daily amplitude at a station, is the average of
the eight ak values for a day. A detailed discussion of magnetic
indices is given in Reference 46,
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APPENDIX 28

MAPS OF THE GEOMAGNETIC
LATITUDE AND LONGITUDE

This appendix contains north polar, south polar, and worid maps
of geomagnetic latitude and geomagnetic longitude at the earth's sur-
face and at 3, 000-kilometers altitude (Reference 9). The plots are
based on the IGRF field model (References 7 and 8) for epoch 1969, 75,
A and ¢ are geographic latitude and longitude, and A and ® are
geomagnetic latitude and longitude.
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APPENDIX 2C
CONTOURS B, L FOR VARYING ALTITUDES

This appendix contains contours of constant-B in gauss and con-
tours of constant-L in earth radii at 100-, 400-, 800-, 1,600-, and
2,000-kilometers altitude (References 13 and 47).
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APPENDIX 2D

CONSTANT-B VERSUS ALTITUDE, LONGITUDE,
AND MAGNETIC SHELL NUMBER

This appendix contains plots of altitudes of constant-B in gauss
versus longitude on the magnetic shells L. = 1,12, 1,20, 1,60, 2,20,
and 3,50 (References 13 and 19),
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SECTION 3

THE MOTION OF CHARGED PARTICLES
IN THE EARTH'S MAGNETIC FIELD

G.T. Davidson, Lockheed Palo Alto Research Laboratory

3.1 INTRODUCTION

The primary factor determining the motion of a charged particle
near the earth, but outside most of the tangible atmosphere, is the
Lorentz force (References 1, 2, and 3):

F = %Gx'B' (3-1)

where q is the charge on an individual particle, ¥ is the (vector)
velocity of the particle, and B is the geomagnetic field intensity at
the location of the particle. Here, cgs gaussian units are employed
(Appendix 3A has a discussion of unit systems), hence the occur-
rence of the speed of light (c) in the denominator of Equation 3-1.

o’ The Lorentz force is directly responsible for restraining a trapped
particle and keeping it within a well-defined region around the earth.
Other forces may influence trapped particles, but their effects gen-
erally amount only to small perturbations. In particular, electric
fields can occur within the magnetosphere (References 4 and 5),
especially in association with magnetic fluctuations where Maxwell's
induction equation:

o
wl

vxE = -1 (3-2)
[o4

o

t

must be satisfied. Although electric fields along the magnetic field
direction may be necessary to explain auroral phenomena and related
high-latitude events (References 6 through 10), they are not expected
to occur as steady long-lived features of the trapped radiation regions.

Gravitational forces on trapped particles are weak and generally
may be ignored (Section 3.3.1). However, mechanical forces must
be accounted for in the collisions between particles, especially in
collisions of fast charged particles with electrons and atoms having
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merely thermal velocities. Radiation belt particles with kinetic en-
ergies amounting to thousands or millions of eV are not affected
grossly by collisions with other particles. But subtle cumulative
effects will tend to gradually alter the particle motions over extended
time periods. ’

To simplify the presentation, this section has been restricted
principally to the motion of charged particles in a steady state di-
polar magnetic field of the earth and outside the atmosphere. The
discussion of weak transient phenomena, such as interparticle col-
lisions or brief fluctuations in the magnetic field, is deferred to
Section 5.

The subsection that immediately follows this introduction con-
tains the complete equation of motion of a charged particle. The
direct integration of the equation of motion also is discussed. Direct
integration generally is found to be cumbersome and impractical. How-
ever, some general principles facilitate the description of particie mo-
tion without detailed integration of trajectories, These principles make
up the remainder of Section 3. The simplest general principle is that
the particle motion may be described as a circular motion about a point
that moves relatively slowly with respect to the fixed field lines. This
is the basis of the guiding center approximation of Section 3. 3. g'&”%
A more sophisticated approach, discussed in Section 3.4, is
through some set of constants of the motion. A trapped charged
particle has 3 degrees of freedom. According to the concepts of
classical mechanics, the motion is completely described if a con-
stant of the motion is found for each degree of freedom. Three
constants of motion, the adiabatic invariants, correspond to the
azimuthal motion with respect to a magnetic field line, to the motion
parallel to the field line, and to the azimuthal motion with respect to
the axis of symmetry of the field.

Strictly cpeaking, the adiabatic invariants are only constants of
motion in a steady state field, but they may be regarded as true
constants of motion in many circumstances. When tlie constants of
motion are known, treating the trapped particles via the statistical
properties of the eystem becomes possible, as discussed briefly in
Section 3, 5.

Further elaborations on the statistical approach are outlined in
Section 3. 6 where the radiation belts are regarded explicitly as a
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plasma. The term plasma customarily refers to an electrically neu-
tral, highly ionized gas that under certain conditions behaves as a
fluid obeying laws of motion similar to those that are invoked in
classical hydrodynamics.

3.2 THE MOTION OF AN ELECTRICALLY CHARGED
PARTICLE IN A MAGNETIC DIPOLE FIELD

3.2.1 The Equation of Motion of a Charged Particle

The forces influencing a particle of momentum p, rest mass m,
velocity v, and electric charge q may be combined in a generalized
(vector) equation of motion (Reference 3):

9% = qi:'+-‘c17x§+mc';+§c . (3-3)

The various terms on the right of the equal sign in Equation 3-3 are
due to electric field E, magnetic field B , gravitational field G,
and mechanical forces fc experienced in collisions with other par-
ticles or solid objects. The electric and gravitational forces are
velocity independent. The magnetic force must be proportional to
the velocity and directed perpendicular to the velocity and to the
magnetic field. The collisional forces have a complicated relation
to particle velocities. The treatment of the effects of collisions is
discussed briefly in Sections 3.6 and 5.2.

RELATIVISTIC CORRECTIONS TO THE RELATIONS BETWEEN
MASS, VELOCITY, MOMENTUM, AND ENERGY. When the velocity
of a particle is low, the momentum in Equation 3-3 may be replaced
by the product of (constant) rest mass and velocity. The left side of
that equation is then equivalent to

dp d
5% = ma—: . (3-4)

Many particles in the radiation belts have velocities near the speed
of light, so it is advisable when considering those particles to use
strictly relativistic relations between mass, velocity, and momen-
tum (Reference 3). The relativistic momentum is

mv

; = T_!'-T = ymv . (3-5)
l1-v/c
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The apparent relativistic mass of a fast particle is the product of the
rest mass m-' and the dilation factor:

y = ml/' = ‘Il‘*p /m”c . (3-6)
1-v/e

The total anergy of a relativistic particle is

13 = 7mc2 {(3-7

The kinetic energy T is of more utility and is equal to the total en-
ergy minus the rest mass energy mc?:

T = (y -1) mcz = (“l +p2/m c - l)mcz . (3-8)

At low velocities, the familiar relation:

2 (3-9)

o 1
1‘~zmv

is adequate. This is just the first term in the expansion of Equation
3-8 in a power series with respect to vy, :

The inverse relations that may be used to obtain momentum and
velocity from the kinetic energy are

p = %«F"“ + 2mc%) (3-10)
v = cJ'l‘ (T + chz) . (3-11)

T+ mc

A convenient unit in which kinetic energies usually are designated
is the electron volt (eV) a 1. 602 x 10~'2 erg. The standard abbre-
viations for million electron volts (10 eV) and billion electron volts
(1o9eV) are MeV and GeV, respectively. The most frequently used
rest mass energies are the electron rest mass energy meczsu 0.5110
MeV and the proton rest mass energy mpcz:s 938.2 MeV. The cus-
tomary unit of momentum is eV/c (or MeV/c). Inthe previous equa-
tions, ‘pc may be replaced by the numerical magnitude of momentum
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in eV/c units. The energy momentum relation in electron volt units
for electrons is

p(A-L:;Y) s JT(MeV) [T(MeV) + 1.ozzq ’ (3-12a)
and for protons is
p(M:V) o J;‘(MeV)fl‘(MeV) + 1876. 4] . (3-12b)

These latter two equations, together with Equation 3-11, are pre-
sented in Figures 3B-53 and 3B-6. At low energies, the energy-
velocity relations become for electrons:

v{em- sec”l)~ 5.93 x 1010y T(MeV) (3-13a)
and for protons:
v(cm - sec-l)~ 1.384 x 109VT(MeV) . (3-13b)

3.2.2 The Gyro-Motion of a Charged Particle in a Magnetic Field

s Because the magnetic force has no component in the direction of
particle motion, the sole effect of a static magnetic field is to alter
the direction of the momentum vector p . The rate of change of

kinetic energy is the product of Equation 3-3 by velocity (Reference

3) or
— = . = . . . - 4
3t v _Edt Qv E+mv * G+ v Fc . (3-14)

There is no exchange of energy between a constant magnetic field and

charged particles. The equation of motion of a particle solely under

the influence of a magnetic field can be written in a form nearly iden-

tical with the nonrelativistic formula except that the relativistic mass,
Ym , appears in place of the rest mass:

7mg—t‘5 = %in (3-15)

A force acting always perpendicular to the direction of motion can
be understood as a centripetal force which causes the particle to move
in a circular orbit (References 1 and 4). Figure 3-1 illustrates the
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Figure 3-1. The gyro-motion of charged particles in a uniform magnetic field.

the motion of positively and negatively charged particles in a uniform
magnetic field. Positively charged particles gyrate in the direction
indicated by the fingers of a left hand that grasps the field lines in
such a fashion that the thumb points along the field direction. Con-
versely, negatively charged particles gyrate in a right-handed sense.
A charged particle in a uniform magnetic field rotates with an angu-
lar frequency, the gyro-frequency or cyclotron frequency:

. 9B -
wc = Yme (3-16a

for electrons: )

we(radian sec-l) ~ 1,759 x 107,7E (3-16b)
w
Ve(Hz) = 2—:— & 2,799 X 106 % (3-16c¢)
and for protons:
w,(radian sec” ) m 9.580 x 103;? . (3-16d)
[ )
v, (He) = 271 ~ 1.525 x 10° 3 (3-16e)
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where B is measured in gauss,and both the angular frequencies .
and the linear frequencies VY. are given. To avoid confusion else-
where, the subscript i is used to denote any quantities pertaining

to ions, even when the type of ion has been specified. Gyro-periods,
tc = 1/v. , are given in Figure 3B-9, Appendix 3B, for the geomag-
netic field.

The radius of the circular orbit, the gzro-ra.diua Pc » is the ve-
locity of the particle divided by the gyro-frequency; or

. Ye B 3
b, = 2 % (3-17a)
[
p_(cm)= 3.336 x 10° 2*‘1‘;—"-/"—) (3-17b)

Equation 3-17b is valid for electrons or any singly charged ions.
The subscript ; means that the transverse component, perpen-
dicular to the field lines, is to be used.

These results are true if an electric field (or gravitational field)
is aligned in the same direction as the magnetic field. In that case,
a charged particle describes ahelical trajectory with a varying pitch
and gyro-radius. The consequences of more complicated field con-

figurations are discussed in Sections 3.3 and 3. 4. e
SN W R A
i!'ﬁi&\'ﬁi &

2.3.3 Direct Integration of the Equations of .:::"35:\, C

Motion—"Stdrmer Orbits NN LS

When Equation 2-4, describing a dipole field, is inserted in Equa-
tion 3-33, some general classes of solutions can be obtained for the
motion of a charged particle in a dipolar field. A dimensionless
equation of motion can be constructed by replacing the time variable
t by the distance along the trajectory:

t
s = L vdt . (3-18)
Conservation of energy requires that, in cylindrical coordinates,
2 2 2
2R 2(22) (3 z)" |
(a') +R e *\33) ° | (3-19)

3-7
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The ¢ component of the motion equation can be reduced immediately
(after multiplication by R) to an equation that is readily integrable.
The result is an angular momentum relation (Reference 11):

2
rR22® _ .c? R +2cT . (3-20)

ds s /2
(27

The negative sign on the first right-hand term is necessary for nega-
tive particles. The Stirmer unit

,lq‘th
C = —_— (3-21)
s Pc

is a constant dimensionally equivalent to a length; and T is a con-
stant of integration, the Stormer angular momenturn parameter.

Mg is the magnetic dipole moment of the earth (as defined in Section
2-2). Numerically, the Stdrmer unit is (for the earth's magnetic

ey R

- -
-, -,

field)
6 -2
1.565 x 10 1.14 x 10
-2
Cs(km) ~ Vp(MeV/c) ~ Vp(cgs) (3-22a)
244.0
Cs(RE)z _p—'e_c . : (3-ZZbX

Two variables of integration might be eliminated with the aid of
Equations 3-19 and 3-20. A complete solution, however, usually
must be arrived at through numerical integration over the remaining
variable (however, see Reference 12). Many such computations were
performed by Stormer (Reference 11), though they pertain mostly to
nontrapped orbits.

FORBIDDEN REGIONS IN A DIPOLE FIELD. The spatial regions
wherein Equation 3-20 has real solutions are restricted. The bound-
aries of the forbidden regions (Reference 11), which a charged par-
ticle cannot enter, may be located with the aid of a new variable:

o)l )

os

2

(3-23)




The angulaz momentum relation (Equation 3-20) is equivalent to a
radial distance condition: ‘

R - L aVr? oy T Fein’0 . (3-24)
Vi-=

Because X (being the sum of two squared quantities) is never less
than gero, limits exist on the permitted values of R. The forbidden
regions, for which Equation 3-24 has no solutions, are symmetric
about the z-axis, Figure 3-2 depicts the projections of forbidden
regions (shaded) on an azimuthal R,z plane for several values of T".

When T < -1, permanent trapping can occur. Two separate per-
mitted regions exist. The inner one is closed completely. A par-
ticle cannot enter or leave the trapping region unless I' becomes
equal to -1 while R is simultaneously less than C4. Before the dis-
covery of trapped particles in the geomagnetic field, the trapping
region was not expected to be filled because a drastic alteration of
momentumn is necessary to trap a particle arriving from a great dis-
tance (References 11 and 13).

Special solutions exist to the equations of motion if a charged
particle is restricted to the equatorial plane. Some sample equa-
torial orbits are shown in Figure 3-3. The trapped orbits (I" = 1)
consist of a roughly circular (gyro) motion on which is imposed a
steady azimuthal drift. The boundaries of the forbidden regions in
the equatorial plane are just the intersections of the limiting sur-
faces of Figure 3-2 with the equatorial (z = 0) plane. The limits on
radial distance at the equator are

R®<1+2l R<R® . (3-25)

Equation 3-25 is plotted in Figure 3-4.

MOTION IN THE MERIDIAN PLANES OF A DIPOLE FIELD. The
meridian plane components of charged particle motion in an azimuthally
symmetric field can be derived with the aid of the variable & , which
plays the role of a potential (the Stdrmer potential) in an R, z plane.
The expression:

2—
-] RZ 1
= =V E (3-26)
2 2
os
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Figure 3-2. Forbidden regions in a dipolar magnetic field.



I'=-1,016

Figure 3-3. Sample charged particle orbiting in the equatorial plane of a
magnetic dipole field (Reference 11).

results from the equation of motion, where Rz must be understood
as a two-component vector lying in the meridian plane. Figure 3-5
shows several field lines superimposed on the & = constant curves
near the origin of coordinates. Figure 3-6 shows several computed
particle trajectories. The curve ¥ = 1 is identical with a field line
having an equatorial crossing at R, = -Cg/2I' . The remainder of
the © = constant curves diverge away from the field lines as R in-
creases. The effective force [-9E/2] therefore has a component di-
rected outward from the origin along the field lines. The force and
its resolution into components are shown at points P and Q of
Figure 3-5.
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Figure 3-4. Limits of stable trapping in a dipole field as derived from the

Stormer orbit theory.
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Figure 3-5. Curves of constant X (the Stérmer potential) superimposed on
dipole field lines.
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A charged particle approaching the polar regions of a dipole field
is subject to a retarding force that tends to turn it back. When the
particle's trajectory eventually reaches one of the limiting curved
surfaces, all the particle's motion is in the ¢ direction (Equation
3-23). At that point, the turning point, the velocity component along
the field lines is reversed and the particle begins to leave the polar
region (References 14 and 15). This is the phenomenon of magnetic
reflection, which enables trapped particles to bounce back and forth
many times between two points at comparable altitudes in opposite
hemispheres.

Figure 3-6 illustrates the behavior of particles near the polar
regions of a dipole field. Magnetic reflection occurs for all particles
except the singular case (the solid curve near E = 1) where the tra-
jectory passes through the origin of coordinates. Though the orbits
in this diagram are not closed, similar behavior is expected for
trapped particles, except that the separation of the E = 0 curves
would be much less. The center of gyration (the guiding center,
Section 3. 3) of a trapped particle moves on a closed surface (the jg-

variant surface, Section 3.4.3), which is nearly coincident with the
surface B = 1.

3-13
3

X 2 ' >""' O A AL 2 v' -/'.f‘ .4.'4 . H-.-‘w A .‘
B S Pt 43 YA S, TR S Al TGSy ‘?‘ 2,5l g DRI L NN LR SN
R AR SRR VR RCHAEN

- ‘e .
v . [ ) N AN NN A NN
AL ~<‘f-~'~'- i s I TR RO T g %?{’:.Ss‘i-.-‘”-{ﬁ‘.:i .~~$‘:f:¢- :
AL e A s LY AL ﬂ"&\.“t g P 'y .' w'dn-é ¥ Py “""‘ o A



©

projected onto o meridian plane (Reference Il).

Figure 3-6. Somple chorged particle orbits in a dipolar magnetic field,
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TRAPPING LIMITS IN THE GEOMAGNETIC FIELD. If particles
are to be permanently trapped, the parameter T' must be less than
-1. ¥ the mean squatorial crossing of trapped particles is equated
to the equatorial intersection of the curve E = 0, the necessary

criterion for trapping (Reference 16) is
s
—_ = . -2

ZRO T'>1 (3-27)

When numerical magnitudes are inserted (from Equation 3-22) the
Strmer trapping criterion is

L ’p(MeVIc <122 . (3-28

Throughout this section, L usually denotes R,/Rp in a strictly
dipolar field. A particle trapped below L = 6 cannot have a momen-
tum greater than about 4.4 MeV/c. In the case of electrons, the
corresponding maximum kinetic energy is about 400 MeV (Figure
3B-6). The maximum allowed kinetic energy of trapped protons in
the same region is about 90 MeV. When the true distorted geomag-
netic field is considered, the trapping criteria differ slightly from
those preceding (References 17, 18, and 19). For rough calculations,
the criteria given here generally should suffice.

3.3 THE GUIDING CENTER APPROXIMATION
3.3.1 Drift Motion—the E x B Drift

Whenever the forces affecting a charged particle do not vary
greatly over a distance comparable with the particle's gyro-radius,
the trajectory can be described approximately as a circular motion
about a moving point, the guiding center (References 1, 2, and 4).
Viewed from the guiding center, a particle appears to move in a
circular orbit, but the guiding center may follow a complex path.
The guiding centers of permanently trapped particles (Sections
3.2.3 and 3.4.3) are constrained to remain on a closed surface.

In some cases the motion is exactly cycloidal so that the guiding
center moves with uniform velocity, the drift velocity. This occurs
when a uniform electric field is aligned perpendicular to a homoge-
nous magnetic field. All particle orbits in the planes perpendicular
to B appear to be exactly circular when viewed in a coordinate sys-
tem moving with the E X B drift velocity (Reference 4). The ExB
drift velocity:

3-15




- ExB (3-29

is independent of mass or charge —positive and negative particles
drift together with the same velocity.

Figure 3-7 illustrates the way in which charged particles move in
crossed electric and magnetic fields. A positive particle starting at
point P with a finite kinetic energy will be accelerated until it reaches
point Q where its kinetic energy and, consequently, its orbital radius
are maximum. As the particle progresses from point Q, it is re-
tarded until at point R its kinetic energy attains a minimum value.
The trajectory is cyclic—no net progress is made in the direction
of the electric field and, hence, no increase is made in the average
kinetic energy. The motion of a negative particle in the same cir-
cumstances is similar except that the gyro-motion and the electric
force are in the opposite sense.

POSITIVE PARTICLES PATH OF
GUIDING
NEGATIVE PARTICLES CENTER

(out of page)

Figure 3-7. Motion of a charged particle in crossed electric and magnetic fields.
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DRIFT MOTION RESULTING FROM GENERALIZED FORCES.
A generalized force F , acting perpendicularly to the magnetic field
causes a drift motion with a drift velocity

vy, = < LuxB (3-30)

q 2

B

Figure 3-8 illustrates this type of drift motion for comparison with
Figure 3-7. The direction of drift motion now depends on the sign
of the electrical charge. Therefore, particles with different charges
drift at different rates and a current is set up across the magnetic
field. If the force F; acts most strongly on the heavier, positively
charged particles, the resulting current density is

F,x B

Ja n
BZ

. (3-31)

where n, is the number density of positive particles (the current
has been expressed in electromagnetic units (emu), which eliminates
an expected factor of c; see Appendix 3A).

<|

POSITIVE PARTICLES
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Figure 3-8. Motion of a charged particle in a nonhomogenous magnetic field or
in o magnetic field with a superimposed charge-independent
transverse force fleld.
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THE GRAVITATIONAL DRIFT. Gravitational forces on trapped
particles are weak and usually insignificant except for effects such
as the gravitational drift current. The gravitational force on 2
trapped proton, for example, is only about 2 x 10-22 cgs—much less
than the magnetic force on a thermal velocity proton, about 10-15
cgs. The discrepancy is even greater for electrons, yet the gravi-
tational drift causes a separation of protons and electrons. The
gravitational (eastward) drift velocity of protons is

2
R
_ -6 E cos 1
VG(km/sec) = 1.0x 10 (_r) = (3-32)

where I is the inclination of the field line from the horizontal. The
maximum gravitational drift velocity at the equator is

VG(km/aec) ~ 3.3 % 10‘6 L . ) (3-33)

THE FIELD LINE CURVATURE DRIFT. K field lines bend with
a radius of curvature greater than the gyro-radii, the trajectories of
charged particles also are bent so that their guiding centers closely
follow the field lines (References 4, 20, and 21, also Section 3.2, 3).
The force in Equation 3-30 could be replaced by the virtual centrifu-
gal force acting on a particle moving along a curved field line. The
radius of curvature of a field line is related to the spatial gradient
of the field intensity through Maxwell's equation:

9x H = 0 . (3-34)

The curvature drift velocity (References 4 and 40) is

- P2 9. BxBE
V.= - —5 5 . (3-35)
ym ch :

The component of momentum along the field lines is denoted by Py,
likewise Vv B represents that component of the gradient of field m-
tensity that lies perpendicular to the fieid lines.

THE GRADIENT-B DRIFT. In a nonhomogeneous magnetic field,
the radius of curvature of a particle orbit is variable. Figure 3-8
may be interpreted as depicting the trajectory of a particle in a mag-
netic field which varies in a direction perpendicular to the field lines.
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The particle does not return to the point from which it started but
experiences a drift in the direction perpendicular to the gradient

of the field, v, B . The motion is quite similar to the F x B drift
except that the trajectory in this case is not truly cycloidal—the
guiding center '‘wobbles'' about a straight line perpendicular to v B
(Reference 4). The calculated drift velocities are only approximate.
Their accuracy becomes poorer as the scale of the field variation ap-
proaches the gyro-radius. The gradient-B drift velocity to first order
in v, B (References 4 and 22) is

2
v I /e > B ’; ) (3-36)
g 2ym w B

The gradient-B drift and curvature drift velocities may be combined
in one expression:

7 i _(p;" +pz> v, BxB
g 2 " yYym W B2
(o}
vz 2 v, BXB
= A ewi) oy == . (3-37)
ch

The total drift velocity of Equation 3-37 often is called the gradient-B
drift velocity. For simplicity, it will be thus designated throughout
the remainder of this volume.

In the geomagnetic field that decreases with 1/r3. the drift velocity
is proportional approximately to L2 . The drift velocity in the azi-
muthal direction at any latitude, X\ , is

2 2 A 5
v - _(le + P,?) m.'ic;{LB (1 + sin chz:os A . (3-38a)
8 YmaReBe (1+3 sin“A)

At the equator where sin A = 0, the latitude-dependent part of Equation
3.38 equals 1, and the drift velocity (eastward) for electrons becomes

3-19

3 Fady &,‘r ‘?‘.‘ﬁs‘e&vs Y -d” !&, e e W
£ oY . i ~, o, " r .& R .h Y ,qu}
3 Y 2y RN \m‘-« 3\ e

o B 1% y
' LA i‘\. ity .
‘-‘fl’$‘ 5“»“'.4:{"”‘ e gt AT “i‘gﬂ i b a\., LY



I ey B T e o e o R D T R R N I W S S L R LA L ST T

e
&
. 2 2 vZ
v
V _(km/sec) = 14,76 pz +sz)l'—'— =3.8|—=+2— ‘)‘Lz .
g 4 W)y CZ cZ
(3-38b)
The corresponding drift velocity (westward) for protons is
2 v2 2
-3f2 2\ L f Vo), .2
Vg(km/sec) = -8.04 X 10 (p" + Zp“) y ~-7080 cz +2 cz YL
{(3-39a)
which in the nonrelativistic limit is
2
Vg(km/sec) ~-15. 1T + z'r,,)%— . (3-39b)

Momentum here is in MeV/c units and energy in MeV. For rela-
tivistic electrons, the magnitudes of the energy ''components'’ may
be used in place of the momentum. In Equations 3-39a and 3-39b,
a positive velocity results when the drift motion ig toward the east.
Electrons generally drift toward the east and positively charged
particles drift toward the west.

The gradient-B drift current induces a magnetic field that, inside
a region enclosed by the path of the guiding center, opposes the main
field of the earth. The drift current may be thought of as a diamag-
netic current (Section 3. 3.2; References 1 and 20).

The gradient-B drift is much faster than the gravitational drift
for electrons and fast protons. The mean of (vJ_2/2 + v|.z) for iso-
tropically distributed thermal particles is 3 kT/m . k is Boltzmann's
constant 1.38 x 10-16 cgs, and T is the temperature (Reference 2).
The mean drift velocity of thermal particles at the equator due to the
nonhomogeneity of the field is

vg (km/sec) = 4 xlo‘9 TLZ . (3-40)

A mean temperature of about 2, 000°K appears to be a fair assumption
for both electrons and ions in the trapped radiation belts (References
23 through 27). The drift velocity of thermal particles then is

v8 (km/sec) = 8Xx 1076 1.2 , (3-4la)
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which iz comparable with the gravitational drift velocity of protons
{Equation 3-32).

3.3.2 Magnetic Reflection

Generally, a nonhomogeneous magnetic field has regions where
the field lines converge. In those regions, the magnetic force
(g/c)v x B has a small component directed along the field lines.
This component tends to deflect a charged particle away from a re-

gion of increasing field strength.

The magnetic force components are depicted in Figure 3-9. The
relative magnitudes of the force componentis are variable. Usually
the centripetal force is the major part of the magnetic force. When
the retarding force along the field lines is relatively weak, the equa-
tion of motion yields an acceleration (or deceleration) in the field

direction B (References 4 and 21):;

DETAIL AT POINT »

TURN-AROUND POINT
ag= %0°

Figure 3-9. Components of the force acting on a positively charged particle
in a converging magnetic field.
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to first order in the variation of B with distance S along the field
line. The similarity to the drift velocity Equation 3-37 especially
should be noted. Here, too, gravitational effects are comparable
with the field inhomogeneity effects for thermal velocity protons.

The radial component of the equation of motion reduces to:

v v
dvy o 1 1 _+dB . (3-42)
dt 2 yB dS

But v;; dB/dS is just the time rate of change of magnetic field in-
tensity as experienced by a spiraling particle. Equation 3-42 there-
fore yields the simple relation:

VJ_ZGB .

(3-43)
Charged particles in a converging magnetic field travel toward

the "ends" of the field only as far as the turnaround or mirror points

{Reference 1) where p_,_z is equal to pZ, the total momentum squared.

This definition of the turnaround points is not in exact accord with

Section 3.2.3. For all practical purposes, the turnaround point is re-

garded simply as the location where there is no component of mo-

mentum along the general direction of the field. To avoid confu-

sion, the term mirror point will be used here except when the

specific meaning of Section 3.2. 3 is intended.

If the magnetic field is closed at two ends, charged particles will
continue to '"bounce'' back and forth until they either lose energy or
are deflected by some external process. Figure 1-3 shows how
charged particles move in the earth's field (ignoring drift motion).

It is convenient to define the pitch angle &, as the angle between
the particle's momentum and the magnetic field (some of the early
literature on magnetic trapping refers to the pitch angle as the com-
plement of the angle defined here). The pitch angle is indicated in
Figures 1-3 and 3-9. Equation 3-43 is equivalent to a simple rela-
tion which gives, at any point, the pitch angle variation in a magnetic
field:

3-44
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Equation 3-44 is presented numerically in Figure 3B-1. B,, is the
field strength at the mirror point, The pit¢h angle attains its mini-
mum, ao' at the equator., A smallest allowed ao » the cutoff pitch
angle, exists for any field line, Particles with smaller pitch angles
would be lost rapidly because they penetrate deeply into the atmo-
sphere (References 28, 2¢, and 30). The cutoff pitch angle:

ac = arcsin (\/-B-o,B [atmosphere] ) (3-43)

is plotted in Figures 3B-3 and 3B-4.

THE MAGNETIC MOMENT OF A CHARGED PARTICLE. The
proportionality of p,° and B ensures that the magnetic flux "pczB
within an orbit remains constant. This result can be shown to be
true generally, even in a magnetic field that varies with time (Ref-
2rence 21). Charged particles behave as a diamagnetic medium—
their motion induces a magnetic fizld in opposition to the externally
applied field (References 1, 20, 31, and 32), The product of the area
enclosed by the orbit multiplied by the cur+ent around the perimeter
is the magnetic moment of a single gyrating particle. The magnetic
moment of a charged particle in a magnetic field:

2

P 2
= = -
M = 3 —E-—Z = (3-46)

is a constant if Equation 3-43 is valid. The energy-dependent factor
in the latter equation is plotted in Figure 3B-7,

THE BOUNCE AND DRIFT PERIODS. The total time elapsed be-
tween successive reflections, the bounce period is

R
_ 4 lsrn ds o
Y =3 o cos ap =37 8(ao) : (3-47)

A rather good empirical approximation for particles trapped in the
earth's magnetic field (Reference 33) is

t,(sec) ~ 0.11 VL/C (1-0.43sina) . (3-4%

Bounce periods are generally several orders of magnitude greater
than gyro-periods = 10-1 second compared with =~ 107 to 10°5 second
for trapped electrons). Bounce periods are shown in Figures 3B-9
and 3B-10 and Table 3B-1,

3-23
PIUNIIC P 0 PN ALY, - AN, (8 O LN 14
B R R R R A
20 Ty A ALY G AN S IASERARe Selil (et "
& T e MR A A i OASETINICIC R 2 A
o L N A 2. o
e 3 ' SE Ra Iy ety & L R - ) ) 'l ¢



Because it varies along a field line, the azimuthal drift velocity
must be averaged over a complete bounce period. The average
drift valocity on the equator (Equations 3-38 and 3-39) is given quite
well by the empirical approximation (References 33, 34, 35, and
36):

<

3¢ 2 2(1+0.43sina°)

V = LE — (3-49a)
g ZeBERE cz 1.43
2 vz
Vg (km/sec) =~ 5,3 LE ry (1 +0.43 sin ao) (3-49b)
c

The drift period is the circumferential distance on the equator divided
by the average drift velocity. A useful empirical approximation for
the drift period in the geomagnetic field is

4%eB_RZ
_— E E 1.43 (3-50a)

d 3me®>  Ly(v/c) (1 +0.43 sin a)

for electrons:

2
1)
4 eBERE
3

3mc

~ 1.038 x 10% second (3-50b)

and for protoﬁs:

~ 5,655 second . (3-50c¢)

Drift periods are generally several orders of magnitude greater
than bounce periods. Numerical values of drift periods can be found
in Figures 3B-12 through 3B-14.

3.3.3 The Motion of Field Lines

If charged particles gyrating in a magnetic field are to maintain a
constant magnetic moment during changes in the field strength, their
kinetic energies also must change. Energy normally is not exchanged
between a static magnetic field and charged particles. However, a
variable magnetic field induces an electric field that can accel-
erate charged particles. The induced electric field is given
by Faraday's law, which states that the integral Q Ei « ds taken

3-24
N AR A W X A I : e v -,
W) I ol C / a VoY e s ¥ e Wy We Xy ” Y, g .
’ “’¢ A YRS S v, oo My te te e la WA St AT N T Ay
, o A AN AN A ST gt ,-,'.'-.,'( o .-,_’,_.-\.;\,:tt_.;:,;-.‘-e. c.._‘:‘_.: g
- 0 i -

A AR .
}:-"'gfﬁf._ S Yyl

; A h‘
NN s A N L A i) > LR AL R )
J-._‘?x‘,:i,n“,a,- A PR P e W e T AL Y P L M T e N R e




W

along the perimeter of a closed surface is proportional to the rate of
change of magnetic flux,

o= L B -da, . (3-51)
suriace

across the surface (Reference 13), or:

S E, - a5 --1 22 _ 1 2B 4z
$ E ds =-2 = -2 f 50 44 - (3-52)

surface

" If the magnetic field is homogeneous, it is easily demonstrated
that the induced field accelerates a charged particle just enough that
the magnetic moment is maintained constant (Reference 20). The
situation in a nonhomogeneous field is more complicated, mainly
because magnetic field lines (the number of which is proportional to
magnetic flux) must move to accommodate the addition of more field
lines. It can be demonstrated that, when the time scale for field
variations is much greater than the gyro-period, the gyrating charged
particles must move with the field lines in such a manner that the
magnetic moment is preserved (Reference 21).

A simple case is the axially symmetric field subjected to an
axially symmetric increase in field strength. A cross sectiun of the
field is shown in Figure 3-10. This sketch may be taken to represent

Figure 3-10. Equatorial cross section of a uniformly varying, axially symmetric

field.
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an equatorial section of the geomagnetic field. As the field changes,
an arbitrarily selected annular region betwecn Rj and R must move
inward or outward to a new position R}~ R3 , if the magnetic flux is
to be preserved. When the field is changing at a rate proportional to
R-%(n < 2), the radial velocity of the field lines (on the equator) is

v - o R a8 1 (3.53)
R 9 n-2 32t Bo . -

An increase in the field strength results in compression of the field.
This is essentially what happens during the sudden commencement
phase (Reference 37) of a magnetic storm (Section 2.2.5). The
induced azimuthal electric field (Equation 3-52) is

R
. __° 3B
Eg= -3¢ 3 - (3-54)

The E X B drift velocity computed from this electric field is just
sufficient that particles move inward with the velocity given by Equa-
tion 3-53,

The field lines are commonly regarded as being '"frozen' in the
plasma of charged particles (References 1, 4, 31, and 38 through 42).
The plasma and field lines behave as a continuous fluid subject to the
same sort of dynamical laws as a classical, highly conducting fluid.
The fluid model of a plasma is discussed in more detail in Section 3. 6.

3.4 THE ADIABATIC APPROXIMATION
3.4.1 Hamilton's Equations: Constants of Motion

The guiding center approximation is useful when approximate tra-
jectories are desired. An alternative method is to find the constants
of the motion or to find quantities that are very nearly constants of
the motion, such as the magnetic moment of a charged particle
(Sections 3.3.2 and 3. 3, 3).

In the classical Hamilton-Jacobi theory of mechanics, a constant
generalized momentum, p; , is one whose canonical conjugate co-
ordinate, q;, does not appear in the Hamiltonian, H (P;A;) Reference
3). This assertion follows directly from Hamilton's equations:
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q; H(@@,R)

= (3-55)
at 3pi
% _ . ____aH Qgpy) (3-56)
ot aqi

When certain of the coordinates, for example qy -Py » are cyclic, a
prescription for constructing constants of the motion is to form the
action integrals

jk = ¢ R da, - , (3-57)

The customary notation for a line integral is employed—the integra-
tion is to be carried over a closed path in phase space (q,p space).
By means of the canonical transformation from p,q tow, j coordi-
nates, a Hamiltonian is constructed that does not explicitly contain
the coordinates w) conjugate to jk. Therefore, the action integrals
are the desired constants of the motion.

The motion of a charged particle in a magnetic field has some
obvious cyclic properties., The gyro-motion about the field lines has
a corresponding action integral, for example jl . If the field is
closed or constricted at the ends another j, corresponds to the re-
peated reflection of particles at the constrictions. In addition, if the
field has some sort of azimuthal symmetry, a(generally slow)cyclic
drift motion exists about the axis of symmetry, for which a third
invariant j; can be constructed. Since 3 degrees of freedom exist,
three j's should be adequate to fully describe the motion.

CURVILINEAR COORDINATES—EULER POTENTIALS. An
especially useful representation of a magnetic field is onein which two
coordinate axes are aligned perpendicular to the field lines. The
transverse coordinates are designated by & and . The & and 8
axes are surely orthogonal to B if the condition:

B= Vaxveg (3-58)

is satisfied (References 21, 43, and 44). The third coordinate is
related to the distance along the field line through the simple formula:
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X = L B- dS (3-59)
The usual designation ¥ is avoided here because of the possibility of
confusion with the relativistic dilation factor.

Because the vector poteutial:

A=aVvg (3-60)

so intimately involves & and §, the coordinates @, f, and X often
are referred to as Euler Potentials (References 45 and 46).

A suitable representation for & and B in a dipole field for spheri-
cal coordinates is

M
@- - —E o (3-61a
B =9 (3-61b

and for cylindrical coordinates is
M
E

a = - (3-62a

(RZ + 32)3/2
B=¢ (3-62b

where Mg is the dipole moment. The curves defined by the simul-
taneous conditions @ = constant and 8 = constant are recognized
immediately as the field lines (Equations 2-1 and 2-2). Detailed
computations of Euler Potentials in the geomagnetic field have been
performed by Stern (References 19, 45, 46, 47, and 48).

HAMILTONIAN OF A CHARGED PARTICLE. The Hamiltonian of
a charged particle is just equal to the total energy (References 21 and
44);

H = JBZPXZ cz+ ch2 MB + mzc4 +qV¥- {(3-63a)
In the nonrelativistic limit
B2 2
H ~ sz:+MB+qw +mc” . (3-63b)




The last term on the right of Equation 3-63a is the contribution of
the electric potential, ¥; the second term within the square root has
been written for convenience in terms of the particle's magnetic
moment M.

The momenta conjugate to &, S, and X (References 44 and 49)
are

Py = © (3-64)
R = A (3-65)
p = Xm 3 (3-66)
x ° gz

A special advantage of using @, B coordinates is that @ and § are
canonical conjugates of each other, provided a new Hamiltonian
H' = (c/qQH is defined so that

gté - § .g_H. = %.’.L (3-67)
3¢ ¢ 3H _ aH
a8 " q 3B T T ap (3-68)

Equations 3-67 and 3-68 might be employed to determine the drift
velocities (28/3t is 3¢/dt = wy) . In practice, this procedure is
apt to be awkward and to have no great advantage over the guiding
center approximation,

3.4.2 Adiabatic Invariants

When the motion of a particle is not strictly periodic (the orbits
are not closed}, the action integrals, j. , are adiabatic invariants which
only approximate constants when tha magnetic and electric fields are
sufficiently uniform along the trajectories (References 21, 50, and
51). The adiabatic invariants might be expanded in small parameters,
€}, €, and €3, so that:
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2
Jl~ (constant) X (M°+ ¢1M1+ (1M2+ cee ) (3-69)
2 “
Jz~ {constant) X (Jo+ (2J1+ ‘ZJZ + eee ) (3-70)
j =~ (constant) X (o°+ (3¢l+ ‘g‘z*' cee ) (3-71)

3

€. is generally the characteristic period divided by a time scale cor-
responding to the field fluctuations (References 21, 52 through 55, and
65).

FIRST ADIABATIC INVARIANT. The first adiabatic invariant can
be identified with the magnetic moment. When the motion is truly
cyclic, the first action integral can be written with the aid of Green's
theorem as a surface integral (References 44 and 49):

7 T Tornuy 3298 - (3-72)

But @ and B were defined in such a faghion that the magnetic flux

across a X = constant surface is proportional to the area of the sur-
face or:

®= j’j'[mrfa“] dadp . (3-73)

The magnetic moment is proportional to the flux across the orbit
{Section 3.3.2), which is, in turn, proportional to the first action
integral. The magnetic moment can be formaliy identified with the
first term on the left in Equation 3-69. Considering any but the
first terms in the expansions of Equations 3-69, 3-70, and 3-71 is
often not practical. M therefure is referred usually to as the first
adiabatic invariant.

SECOND ADIABATIC INVARIANT. The second action integral is
simply

= $prpdx=gp ds . (3-74)
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The J integral,
| 3

3
m m
J = 4[0 p,dS = 4]; pcos ads, (3-75

accordingly,should be a constant in a strictly periodic system. It may

be referred to as the second adiabatic invariant or integral invariant.

The somewhat confusing designation longituding] adiabatic invariant also

is used occasionally (References 21, 44, and 56).

THIRD ADIABATIC INVARIANT. In a two-dimensional system, M
and J would suffice to determine the dynamical behavior. The sup-

plementary third adiabatic invarjant or flux invariant, ®, is analogous

to the magnetic moment. The magnetic moment is proportional to the
flux across a surface bounded by the particle orbit, and & is the flux
across a constant X surface bounded by the guiding center trajectory.

The third adiabatic invariant is defined in the geomagnetic field so that

it is equal to the total flux exterior to the guiding center trajectory in
the equatorial plane.

In the earth's dipole field, the magnetic flux across the equatorial
plane, the third adiabatic invariant, is

&= 2% BERERO (3-76a)

& (gauss R:ZE) ~ 1,960 L (3-76b)

The constancy of & in a static field iz obvious. Its usefulness is
that it ie also an adiabatic invariant in a time-varying field (Ref-
erences 21 and 44). An immediate consequence of & invariance is
that trapped particles move inward with the field lines when the field
is compressed (Section 3, 3, 3).

3.4.3 Invoriant Surfaces

The loci of the guiding center motion lie on a surface-—the invariant
surface (Reference 56). Figure 3-11 is a sketch of an invariant surface

(a constant-B surface is sketched to show the lines of intersection B

sects the surface B = B,,, = constant. If & is to remain constant, the
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and Bpm2 —the traces of the particles’' mirror points). An invariant sur-

face is constructed of field lines and is open at the ends where it inter-




invariant surface must be single valued--the intersection with a
constant-X surface must be a closed curve. A set of three adiabatic
invariants defines a unique invariant surface. However, the details
of particle motions relative to the surface are left unspecified.

COMNSTANT B

ml

ms / ..1

luuuorcmm B

Figure 3-1l. An odiabatic invariant surface in the geomagnetic field.

In the absence of electric fields, the total momentum is constant
so the parallel component, B, is a function of B alone. There-
fore, the J integral may be replaced by a degenerate integral
invariant (References 21, 44, 57 and 58):

= 3. S’m ’
- mofo V(®_ -B)/B_ ds (3-77)

which depends only on two parameters B, (or R,) and B (or S, ).
S’ is the dimensionless variable S/R, . Computations of I are
presented in Table 3B-1; also see Figures 3B-11 and 3B-15. A gon-
stant-1 surface can be constructed through the set of mirror points
of all particles having the same I = J/p. Figure 3B-15 shows some
of the constant-1 surfaces in a dipole field. The boundaries of an
invariant surface are the intersections of a constant-I surface and a
constant-B surface. The invariant surface is made up of all the
field lines that pass through the boundary curves thus defined.
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McILWAIN L-PARAMETER. The invariant surface in a sym-
metric field can be located with the aid of only two parameters, say
Ry and By, or L = Ry/RE and B, . In an unsymmetric field, a
parameter remains which specifies the equatorial intersection of an
invariant surface and may be identified with L. In the symmetric
field, a simple functional relation exists between L and I:

L3Bm 13Bm
=f -—> : (3-78)
B B

The Mcliwain l.-parameter bas been defined for the geomagnetic
field according to the numerical values of f computed for the idealized
dipole field (References 48 and 59). This definition may yield an L-
parameter that is quite different from ROIRE , especially at large
L-values (Reference 60). Computed values of L. are shown in Appen-
dixes 2C and 2D.

L-SHELLS. The actual shape of an invariant surface can be de-
duced only from the equations of motion. It is certainly not sym-
metric when the field is not symmetric. Also, the guiding centers do
not exactly follow the field lines, though this effect usually can be
ignored (Section 3.2.3). The most important complicating factor is
that drift motions may not be exactly in the azimuthal direction nor
even necessarily in the same direction for different particles. Two
particles differing in one or more of the adiabatic invariants may
start on the same field line and subsequently drift toward different
field lines, Because any particle must return after one complete
circuit to the field line from which it started, the maximum splitting
of two invariant surfaces should be near 180-degree longitude from
the region where they intersect.

In the inner part of the radiation belts, below about L » 3, the
splitting of invariant surfaces is insignificant—less than 1 percent
of R, (References 60 and 67). The average location of all the inter-
secting invariant surfaces usually is referred to as an L-shell. The
low L-shells are degenerate. One value of L locates a set of in-
variant surfaces with different mirror point traces. For convenience,
think of L-shells as being closed or intersecting the earth's surface.

The splitting of invariant surfaces beyond L » 3 is great enough
that it may have observable consequences. Figure 3-12 shows how
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invariant surfaces differ on the sunlit and dark sides of the earth
(Reference 58). Figure 3-12a shows a section of the invariant sur-
faces for particles starting on the sunlit side of the earth; Figure
3-12b is for particles starting on the dark side. The dots correspond
to mirror points, labeled with i, = cos @, . The boundaries of the
trapping region are shown approximately; they are not necessarily
coincident with invariant surfaces. Particles mirroring at low alti-
tudes on the dark side of the earth are displac.d radially outward so
that on the sunlit side their orbits are outside the trapping region
(Section 1. 3). Similarly, particles mirroring at high latitudes on the
sunlit side will not remain within the trapping region on the dark side.

3.5 LIOUVILLE'S THEOREM
3.5.1 Generalized Liouville's Theorem

When the energies of individual particles are conserved, their dis-
tribution functions should be conserved according to Liouville's
theorem. A distribution function f(xX, p), in a phase space compris-
ing position x and momentum p coordinates, is defined so that the
number of particles in the phase space volume element d3xd3p is
f(x,p) d3xd3p. The distribution function need not involve explicitly
the momentum and position coordinates; a particularly useful repre-
sentation is f(®, 8,J,M) in adiabatic invariant space,

The equation that guarantees conservation of particles is

af(@,B,I,M) _ 3  d 2, 3 3B _
at = bt+a¢!(f at)+aB(f at)~0 . (3-79)

Elimination of (3/3@) (3a/3t) and (3/38) (38/3t) with the aid of Equa-
tions 3-55 and 3-56 gives Liouville's equation:

af def 3B o
st atsat 3 3" - (3-80)

Therefore, f is constant along a dynamical trajectory (Reference 44).

3.5.2 Liouville's Theorem in B, L Coordinates

A simple and useful formulation of Liouville's theorem can be
derived for a distribution function {(4), which is an explicit function
of the cosine of the pitch angle, g. A group of particles with the
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same adiabatic invariants are confined (ignoring azimuthal drift mo-
tion) to a flux tube, the volume enclosed by a set of field lines. The
rate at which particles leave one end of a segment of a flux tube is

-d—l}:ﬂ - ap =f(4,B) vudpe OA (3-81)

where A is the cross-sectional area d@df. The number of particles
leaving the flux tube segment must be the same as the number enter-
ing at the opposite end. The pitch angle and §A are both simple func-
tions of magnetic field strength. It follows that, if two points con-
nected by a dynamical trajectory are labeled 1 and 2, Liouville's
equation for particle distributions on a field line is

fwB), B] = f[u,(B,). B,] . (3-82)

B and W, are pitch angle cosines of a single group of particles at the
points where the magnetic intensities are B} and B, , respectively.

A consequence of Equations 3-80 and 3-82 is that f on any invariant
surface is a function of B alone (Reference 44). The coordinates B, L
are adequate to specify trapped particle densities at any point in the
geomagnetic field.

OMNIDIRECTIONAL FLUX. Trapped particle number densities
customarily are presented in terms of the intengity (or directional
flux or specific intensity):

iw=fwv . (3-83)

The intensity j(0) [or j,, or j(90°)] at the mirror points is partic-
ularly useful. The distribution function f(4, B,) at the equator is just
equal (according to Liouville's theorem) to the distribution function
£(0,By,) at the mirror points where:

2
Bm- Bol(l - uo) . (3-84)
The quantity that usually is plotted in B, L. coordinates is the
idirectional fux:
1
3 =28 [ man, (3-85)
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(often written with a subscript, i.e., J  or Jr nni1 )- The omnidirec-

tional flux is just 4% times the intensity averaged over all angles,
The omnidirectional flux should not be confused with the net flux:

- ; Q .
F f[au angles] } < & (3-86)

which is the rate per unit area at which particles cross a plane sur-
face;, [ is the angle between the velocity vector and the normal to the
surface, d{l is the increment of solid angle. The flux, F, can be
negative or positive, depending on whether more particles cross the
surface from one side or the other. With regard to the trapped
particles, F has a meaning only when referred to a solid detector
surface, otherwise:

F = 2% cos L' f_i (M) pdp ~ 0 (3-87)

where [’ is the angle between the field line and the normal to the
surface.

Since J is a function of B, it also may be regarded as a function
of ué:Vl -Bo/B . With the aid of Liouville's equation (Equation 3-82),
the omnidirecticnal flux can be written as an integral involving
the equatorial intensity j (u.o, #; } = j(uo,Bo) 2

1 By dp
3B) = 3= 47 [, ik,.B) - (3-88a)
Ky B_ 1 - B( -ug)/ao
1 B ds
=arf 5w, u) ° o . (3-88b)
ko -2V - - - )

The inverse relation that vields j as a function of J is complicated.
Detailed solutions are available elsewhere (References 61 and 62).
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3.6 HYDROMAGNETIC MODEL OF A PLASMA

3.6.1 Collisions Between Charged Particles—
Collective Behavior

In any ensemble of particles, collisions occur between particles.
These result in transfer of momentum. The electrostatic forces
between charged particles decrease slowly as the mutual separation
increases. Therefore, where a plasma is relatively tenuous, the
most important interactions are between charged particles. The
interaction forces between charged particles become negligible only
beyond the Debye length or Debye shielding radius:

KT 1
A = | — (3-89a
b 4% n eZ
e

Te(k)

A_(cm) = 6.9 |——— (3-89b)
D -3
ne(cm )

wher: T, and n, are, respectively, the effective temperature and
number density of "thermal' electrons. The shielding of electrostatic
forces is due to thermal fluctuations in the free electron gas (Ref-
erences 1 and 2). The effective temperature of the free electrons,
the eleciron temperature T,, therefore should be expected to appear
in the Debye length formula. The electron temperature above the
atmosphere is about 1,500 to 2,000 K (References 23 through 27),
which results in a Debye length of

300
A_(cm) = . (3-90)
D V ne(cm‘ )

The Debye length in the lower trapped radiation belts is about 2 to
10 centimeters.

The number of particles within a sphere of radius AD' the Debye
sphere, is a measure of the importance of collective behavior. When
few particles occur within a Debye sphere, each particle interacts
only with its nearest neighbors. But when each particle interacts
simultaneously with thousands of other particles, any perturbation in
the particle distribution will result in transient electric and magnetic
fields that are felt by many particles. These fields tend to restore
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the original particle distribution. Oscillations can occur as in any
mechanical system where restoring forces res*rain the excursions
from equilibrium. The trapped particle belts are subject to a wide
variety of oscillation phenomena. Oscillations and waves in the
magnetosphere are discussed briefly in Section 4. A systematic
treatment of oscillations in ionized gases demands more space than
is available here. For further reading, see especially References
63 and 64,

3.6.2 Boltzmann's Equation

It is advantageous to treat the behavior of a plasma statistically
through the evolution of a distribution function f. Liouville's equa-
tion must be modified to take account of interparticle collisions and
noncorservation of f. The generalization of Liouville's equation is
Boltzmann's equation (References 20, 65, 66, and 75):

3, L o g, F.vg- (O -
' ym P f{+ F pf (6) (3-91)

t [collisions]

The notation Vp has been used to denote the gradient (3/3p, , 3/3p, .
a/aps) in momentum space. Considering the strictly relativistic
Boltzmann equation usually is not necessary. Most of the particles

in the radiation belts have velocities not significantly greater than the
thermal speed. Throughout the remainder of this section, the momen-
tum is replaced by mv .

Boltzmann's equation in the absence of collisions is entirely equi-
valent to the orbit equations of Sections 3.2 and 3.3 (References 20,
40, and 41).

MOMENTS OF BOLTZMANN'S EQUATION. Boltzmann's equation
can be approximately solved if fluid-like equations are constructed by
means of an averaging procedure (References 1,20, and 40). Two
important quantities are the number density:

n =[] £ &%0dy (3-92)
and the streaming velocity:
T = nki J‘J’J‘ £ (& v, t) vadv = @& (3-93)
3-3¢9
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of particles of species k. These may b: regarded as moments of the
distribution function weighted by powers of v. Another useful moment
is the stress tensor or pressure tensor:

Bo=m [[[f&%H0Fa% - nmad . (3-94)

Dyadic notation has been employed for the tensor P (Reference 67).
Another way of writing P is in terms of the components:

pij = nm (vivj) - nm (vi) (vj) . (3-95)

The first moment of Boltzmann's equation (averaged over J”' adv)

is the equation of continuity:

3

—:%‘-+V'nkﬁk=0, (3-96

which guarantees that particles are conserved.

The second moment of Boltzmann's equation (averaged over ‘”[ WBV)
is the momentum conservation equation:

n m (—%-.\:L+ﬁk- v.’.,k) -nq (E+%ikx§).+v-§k=i‘c .

(3-97)

The effects of collisions between different types of particles are com-
bined in the term F,.

The third moment is of less immediate interest, It describes the

transfer of energy and is somewhat analogous to a heat-transfer
equation (Reference 20).

3.6.3 Hydromagnetic Equations

The similarity of Equations 3-96 and 3-97 to the equations of hydro-
dynamics is obvious. A plasma often can be censidered as a continuous
fluid in which the total mass velocity (or average streaming velocity) is

©



V= -_W;k_ = %E nkmkﬁk (3-98)

The density P is the sum of all n.kmk's. The electrical current
density (in emu) is

7= 1 = o, 3 5
I = cEnquﬁk - c[igs (023 - eloctrons Pete) * (3799

+Z.e is the total charge on an ion. When the Boltzmann equations for
electrons and ions are combined, the result is the hydromagnetic squa-
tions (References 1, 20, 38, 40, 41, and 42) or magnetohydrodynamic
equations. The mechanical force equation is

(3- 100*

o]

= fxﬁ-_v-

h -]
o|%

jand Ohm's law is

mec¢ _= 5
ez ¥ g, lygxss+L v.Pp.-LFxsg-L .
ot c ne e ne o
n_c e e
(3-101!‘

Spatial derivatives and terms of order mg,/m; have been ignored.

Equation 3-100 is still recognizable as the basic equation of motion
of a fluid, Equation 3-101 has been called Qhm's law because of its
similarity to the conventional Ohm's law for a conductor. The last
term on the right in Equation 3-101 contains all the effects of collisions
between positive and negative particles. The proportionality of this
term to J does not follow directly from Boltzmann's equation, but
rather from the assumption that the momentum exchange between un-
like particles should be proportional to their relative velocities
(Reference 1), The constant of proportionality 1/0 is called the elec-
trical resistivity because, in a uniform, steady state plasma with no
magnetic fields, Equation 2-121 reduces to the familiar form of Ohm's
law. The inverse of electrical resistivity is the electrical conductivity.
The conductivity is approximately
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n e
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(3-102)
xnec Vc

where y. represents the frequency of collisions between electrons
and ions (References 1, 68, and 69).

FIELD EQUATIONS. A contindity equation for electrical charge
follows immediately from Boltzmann's equation., It is (Reference 1)
the charge conservation equation:

%?—+cv-.-f=0 . (3-103)

The localized exceses charge-;'lensity is

§ nq . (3-104)

The diamagnetism of a plasma, mentioned in Section 3.3.3, is a
general result which makes possible including the gyro-motion part of
the current in the total magnetic field. Maxwell's equations, which
describe the electric and magnetic fields of a plasma, are then
(References 1 and 70)

v-E = 4%7Q (3-105)

v.B =0 (3-106)
= _ _12B

VXE = -3 (3-107)
'z .1 3E 7

vXB = o &+ 4rT . (3-108)

The units of these equations are discussed in Appendix 3A. T is only
that part of the current due to the relative motion of different com-
ponents of the plasma. The appropriate measure of the magnetic field
is B, which here is called the magnetic field intensitx.(B" conventionally
is referred to as the flux density or magnetic induction. The designa-
tion magnetic intensity or field strength conventionally is reserved for
H = B/(permitivity).] The magnetic moments uf individual particles are
included in B, which is the field that would be measured at any point.



SOLUTIONS OF THE HYDROMAGNETIC EQUATIONS. A com-
plete description of a plasma requires one more equation-~an equation
of state relating ny and P. Employing a simplified equation of state
usually ia sufficient and desirable; in the trapped radiation belt, ng
can be assumed nearly independent of P,

The dynamics of a plasma, including flow and wave motions, can
be treated by methods similar to those developed for the solution of
problems in classical hydrodynamics (References 38 and 71). A
special complication of hydromagnetice is that the pressure is a tensor
(References 40, 41, and 42). This means that motion along the mag-
netic field direction is not simply related to the transverse motion, nor
does the motion along the field correspond very well with the motion of
a massive fluid. Only for waves and flow transverse to the magnetic
field is the hydrodynamic analogy entirely valid,

TRANSVERSE DRIFT CURRENTS. A rather confusing aspect of
Equation 3-101 is that it does not predict a steady current due to a
gradient in the magnetic field strength (as in Equation 3-37). This
drift current actually is contained implicitly in the pressure gradient
term. If VP = 0, the density of guiding centers of particles drifting
in some arbitrary direction is balanced exactly by the density of
guiding centers of particles drifting in the opposite direction. How-
ever, if the plasma is of finite extent or has a region in which VP is
finite, it is possible for a current to flow (Reference 1).

3.6.4 Electrical Conductivity Tensor

When pressure gradients can be ignored, the Ohm's law equation
(Equation 3-101) resembles the conventional Ohm's law in that J and
E appear only linearly, although they may be in different directions.
If the fields and current bave parts that vary sinusoidally proportional
to real part (eiwt), the time derivatives can be replaced by

t

3 (eiwt) - iw (eiw |

at

Equation 3-101 reduces to (Reference 2)

qQ 1=

iwY = E - -~ TxB- . (3-109)

2 D e
ne e




The current and electric field may be decomposed into vectors parallel
and perpendicular to B = B, + B (el t),

E=E+E (3-110)

—-— — - é -

T = cg E, +co, E +c0,5-XE, . (3-111)
o

The tensor equations:

T = c}-E (3-112)
& =|o, 0, 0 (3-113)
L 0 0 % J

are identical with the preceding equations and usually are preferred.

Note that no universal agreement exists on the choice of signs in the

off-diagonal (g,) components of 0. The notation here is perhaps the
more frequently used,

CONDUCTIVITY TENSOR IN AN IONIZED GAS. Egquations 3-109,
3-110, and 3-111 can be solved readily for the specific electrical
conductivity o, , the Pederson conductivity gy, and the Hall conduc-
tivity 0, . The total current is the sum of contributions from all
types of particles. The total conductivity is the sum of ion and elec-
tron contributions:

& - 5+& . (3-114)

The components of the conductivity tensor (in emu) (References 72,
73, and 74) are




‘e‘z 1 1
0o = -i + - (3-115)
o cz mi(w - ivi) me(w - w‘)
2
ne {w - ivi) (w - iv.)
c mi[(u) - ikw i] m‘[ (w-1iv) - we]
2
. - nee wi i we
2 c2 mi[ {w - ivi)z - wf] me[ {w - ive)z - weZ]
(3-117)

The frequencies y; and Ve are, respectively, the rate of collisions of
ions with neutral particles and the rate of collisions of electrons with
all heavy particles.

The conductivities in the zero-frequency limit are

2
ne
e 1 1
Oo ~ 3 (m,V. + e )~ o {3-118)
[+ 11 e e
2 -
[y, .,
cl -~ + > 3 (3-119)
¢ Lmi(vi tw) me(ve v, )d
2
n.e “’i we _1
0, ~ 3 e of + e of (3-120)
¢ mi i wi ) me v° we)J

As the collision frequency become negligible, ¢, becomes very large
whereas o, and o, approach zero. The contribution of each component,
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to the Hall conductivity is exactly the same as would be given by the
E x B drift. The total Hall current is zero. The current trans-
verse to the magnetic field must be equivalent to the E X B drift cur-
rent. However, in a steady state (w ~ 0), electrons and ions drift
together so that no transverse current is expected.

The actual direction of Hall current flow depends on the relative
importance of two terms. With the sign selected here, 0, is gen-
erally positive in the ionosphere between 70 and several hundred
kilometers altitude (References 27, 73, and 74). The Hall condyc-
tivity in the ionosphere is quite large; it is responsible for the polar
electrojets —strong currents which flow across the geomagnetic
field lines (Reference 73).




APPENDIX 3A
ELECTRIC AND MAGNETIC UNITS

Since the confusion among about six basic electric and magnetic
unit systems extends to the literature of plasma and space physics,
a dictionary for translating from one system to another has been
included.

Rationalized meter-kilogram-second (mks) units are very practi-
cal for engineering problems and textbook expositions. Much of that
practicality is lost in plasma physics because the relations between
E, D, H, and B employ the free-space values of permeability and
permittivity. In that case, retaining D and H as quantities distinct
from E and B is no longer necessary. The advantages of a rational-
ized unit system vanish when Maxwell's equations are written in terms
of E and B exclusively., Maxwell's equations, together with the
Lorentz ‘orce equation, the continuity equatinn, and the hydromagnetic
equations, are presented in Table 3A-1 for comparison among the
more important unit systems. Electric and magnetic unit conversion
factors of major parameters found in Table 3A-1 can be found in
Table 3A-2.

L3

A rationalized system of centimeter-gram-second (cgs) units
exists —the Heaviside-Lorentz units. This system is seldom used.
The purely electrostatic (esu) unit system appears frequently in text-
books but it leaves much to be desired as a practical unit system be-
cause the permeability of free space is B, = 1/c“. The electromag-
netic unit (emu) system is more practical because B and H have the
same dimensions. However, the permittivity of free space €, must
be 1/c¢2. The equations of the field and the equations of motion are
identical in esu and in emu units,

Maxwell's equations have a particularly satisfying symmetry in a
mixed unit system in which electrical quantities are in emu. This
system, customarily called the gaussian unit system, has the same
dimensions for E, D, H, and B; L5 and B, are both equal to 1,
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It is a matter of choice whether J should be regarded as a mag-
netic quantity or as an electrical quantity. Usually J is an electri-
cal quantity, hence the factor of 1/c multiplying J in Equation 3A-6.
It may be easier to relate J to the practical units (a.mp/mZ or even
amp/cm?), when only E and D are regarded as electrical quanti-
ties. The resulting unit system is more akin to the emu system than
to the esu system. These '"modified"” gaussian units have been used
in the preceding section with the emu conductivity. Ohm's law then
has an unexpected factor of c.
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Many of the more useful equations of Section 3 have been con-
verted to numerical relations that are presented here as an aid in

rapid calculations. Some figures, especially Figures 3B-15 through
3B-19, are relevant to cross L.-shell diffusion as discussed in

Section 5.
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Table 3B-1 contains important charged particle parameters in a
dipole field. Pitch angles, bounce period integrals, second adiabatic
invariant integrals, and other related parameters are given in the
table. Column 6 is the distance along the field line, S/Rp . The
bounce period integral (column 7),

1 Sm
L ds ,
R fo /v
o
and the adiabatic invariant integral (column 8),
1 Sm
R, Lo mas

are just one fourth of the integrals § and J plotted in Figure 3B-11,
For any specified set of adiabatic invariants, L = Rqy/Rp is a func-
tion only of J/sin a,, which is tabulated in column 9 (except for a
missing factor of 16), Column 10 gives L/A = L (Mm/JZ). The
last column is the mirror point field By, divided by A3; A is in cgs
units (a factor 10*3 has been extracted). The information in this
table is also presented in the figures that follow. Powers of 10 are
listed after each entry, thus '"1.000 + 2" is 1 X 10 = 100.

Toble 38-1. Important charged particle parameters in a dipole field.
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Figure 3B-1b illustrates, step by step, how to use the nomograph. To
find magnetic field intensity from L and latitude A, locate L (1) in the
second strip, locate \ in the fourth strip (2), rIRE (3) is given by the
intersection with the first strip, locate \ (4) in the upper part of the
fourth strip; the intersection with the second strip gives B (5).

To find pitch angle at any magnetic intensity B, locate L (1) in
second strip and @, (2) in third strip. A straightedge through these
points determines a point on the first strip (3). Rotating the straight-
edge about the point on the first strip gives B (4) and (5) everywhere
in second and third strips. A simplified method of finding cutoff pitch
angles is to connect a straightedge through L in the uppe1 part of the
first strip and the same L in the second strip. The intersection with
the third strip gives a,.

TO FIND PITCH ANGLE

Figure 3B-1b. Step-by-step use of the nomogroph.
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Figure 3B-2 gives a pitch angle as a function of field intensity.
The pitch angle at any point in a mirror field is a function only of the
field intensity B at that point and the mirror point field B,,, . Nu-
merical values are plotted here according to Equation 3-44., These
results should be independent of the configuration of the field. The
intersection with the ordinate at the left gives the ratio of mirror
field to equatorial field, B,. The intersection with the abscissa at
the bottom is the equatorial pitch angle, a, .
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Figure 3B-3 contains the mirror latitudes in a dipole field. Ina
strictly dipolar magnetic field, the equatorial pitch angle, @ is

° ?
related to the latitude of the mirror point, A through the formula:

m.

6
2 cos Arn
sin d°= Bo/Bm = .
;;4 -3cos A
m

This formula is plotted in Figure 3B-3 (also see Table 3B-1), For
particles mirroring near the equator (ao ~ 90 degrees), a simplified
approximation:

¥z (g0 :
AL~ 3 (90° - @) m 0.4714 (90° - &)

can be used,.

To find the pitch angle @/ at any latitude A’ given o read a;
from the graph corresponding to A’. The sine of ar’, is
. ] . B sin ao

sln @ = s8in Q& s =T .
P o Bo smao
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Figure 3B-4 shows the atmospheric cutoff pitch angle. Particles
with very small pitch angles cannot be trapped in the earth's field
because they are rapidly lost in the atmosphere. The equatorial
pitch angles of particles that mirror at an altitude of 100 kilometers
are plotted in the figure as a function of L = Ro/Rg . Below L= 1.5,
the distortion of the geomagnetic field is great enough to render in-
accurate the results on this graph.

The variation of the cutoff pitch angle with altitude also is shown.

The cutoff pitch angle corresponding to an arbitrary mirror altitude
h is

9¢  |a@km) - 100

dh lo5

a s O (100 km) +
c c

provided that b is not very much larger than 100 kilometers.

The latitude of the intersection of the field line with the earth's
surface (the invariant latitude, see Section 2.2.2) is shown in the
upper right of Figure 3B-4.
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Figure 3B-5 shows mirror point altitude as a function of equatorial
pitch angle, On low l.-shells, the cutoff pitch angle varies consider-
ably according to how deeply the trapped particles can penetrate the
atmosphere. The variation of mirror point altitude with equatorial
pitch angle is shown for a symmetric dipole field. In the actual dis-
torted geomagnetic field, the curves in this figure would be shifted
laterally by an amount that depends on longitude. When accuracy is
essential, the data of Section 2 should be used,

Figures 3B-6 and 3B-7 give relativistic corrections to velocity and
momenturm. As the kinetic energy of a particle increases, the simple
relations T ~ 0.5 mv2 and p ~ mv become invalid. The exact rela-
tivistic formulas (Equations 3-10 and 3-11) are plotted here over
limited ranges that should include most of the trapped radiation belt
particles. Momentum p is given in the customary units MeV/c or
GeV/c. At extremely high energies, the numerical magnitudes of
momentum and kinetic energy are nearly identical.
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Figure 3B-8 shows the magnctic moment of a charged particle as
a function of kinetic energy. At low energies, the magnetic moment ko »
(first adiabatic invariant) of a charged particle is nearly equal to the ‘_:3 G0 “t
kinetic energy divided by the mirror point field By,. The correct L-‘.gé’:’-'-g IS
energy dependent factor is plotted for particles with relativistic A5

velocities (Equation 3-46). Division of the ordinate by the mirror
field intensity yields the magnetic moment in MeV per gauss or GeV
per gauss, The ordinate and abscissa have the same units. The
lower dashed curve is just the kinetic energy —for comparison with
the proper factor, pZIZm .
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Figure 3B-8. Magnetic moment of a charged particle as a function of kinetic
energy.
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Figure 3B-9 contains the gyro-period of a charged particle in the
geomagnetic field. The gyro-period t, = 27 mc/e? is plotted here
for electrons and protons as a function of altitude in the earth's mag-
netic field. The gyro-periods of relativistic particles are increased

by the factor
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Figure 3B-10 shows the bounce periods of particles trapped in
radiation belts. The bounce periods of trapped particles are plotted
as a function of their velocities. The bounce periods vary directly
with the total lengths of the trajectories, so the ordinate must be
multiplied by L = R /R to obtain the period in seconds. At rela-
tivistic energies (beyond 1 MeV for electrons and 2 GeV for protons),
the velocity dependence is slight and usually may be ignored. The
bounce periods of fast particles mirroring near the equator are about
0.07 L seconds.

For example: For a 1-MeV electron with an equatorial pitch angle
of 30 degrees, the ordinate is 0.09. If the electron is trapped at
L = 2, the bounce period is 0.09 L = 0,18 second.

Figure 3B-11 shows the bounce period and the second adiabatic
invariant as functions of equatorial pitch angle. The bounce period
t;, ana the second adiabatic invariant J contain, respectively, the
integrals

_ 4 (Sm
s_Rf ds/u
o0

and
4 Sm
d= — pds |,
R, Jo

integrated along the field line from the equator to the mirror point.
The factor of 4 accounts for a complete bounce period (Equations
3-47 and 3-75). These integrals are shown in this figure (also in
Table 3B-1). The length, S, of a field line would yield a curve

4S/R, falling between and passing through zero-ordinate at 90 degree
pitch angle,

The complete J integral is

J

"
o
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o
1
)
o
&
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The momentum p and velocity v can be found from Figures 3B-6 and
3B-7. Any of several units may be employed for J. The most com-
mon are cgs units or mixed units —(MeV/c) cin, or (MeV/c) (earth

. radii). A third alternative, MeV sec, is less useful. The appropriate
numerical conversion is J(MeV second = 0.02125 Lp(MeV/c).

For example: A 1-MeV electron has a velocity 2.8 X 10'%enti -
meters per second (Figure 2B-5). If the equatorial pitch angle is 30
degrees ?d L = 2, the ordinate 8 is 4.0 and the bounce period is t,=
6.37X10°X 2.0X 4.0/2.8% 100= 0,18 second. The momentum is
1.4 MeV/c. The second adiabatic invariant is therefore J = 2 %X 1,8 X
1.4=5.0 (MeV/c) R . The degenerate adiabatic invariant is 9= J/p =
3.6 RE‘

The velocity of a 1-MeV proton is only 1,4 X 109 centimeters per
second (Figure 3B-7). If the pitch angle and L are the same as for
the electron in the first example, the proton's bounce period is ty =
6.37x108% 2% 4.0/1.4% 10’ = 3.6 seconds. The corresponding
gyro-periods of electrons and protons at L = 2 on the equator are
9% 107 seconds and 1.7 X 1072 seconds, respectively (Figure 3B-9).
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Figure 38-10. Bounce periods of particles trapped in radiation belts.
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Figure 3B-12 shows azimuthal drift periods as a function of kinetic
energy. The inhomogeneity of the earth's magnetic field results in an
azimuthal drift of trapped charged particles with a period that varies
approximately with the inverse first power of kinetic energy. This
figure gives the energy dependence of the drift period. The period in
seconds is obtained after division of the ordinate by L (Equation 3-50).
The divergence of proton and electron curves is a result of relativis-
tic effects as the electrons approach the speed of light. The energy-
dependent factor pzl)'m = E(v¢/ cz)is approximately equal to 2T at low
energies and approximately equal to T at very high energies. Only
two pitch angles &, are represeated here, More exact drift periods
can be found from succeeding figures.

For example: For a 1-MeV electron with an equatorial pitch angle
near 90 degrees, the ordinate is 4 X 103 . At L= 2, the drift period
is 4x 103 /L = 2 X 10> second = 0.6 hour.
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Figure 3B-12. Azimuthal drift periods as a function of kinetic energy.
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Figure 3B-13 preseunts the azimuthal drift period as a function of
the equatorial pitch angle in the earth's field. This figure, together
with Figure 3B-14, which provides the energy-dependent factor, can
be used to determine the azimuthal drift periods of particles trapped
in the earth's magnetic field {Equation 3-50). The average angular
drift velocity is simply

w. = 27 ZﬂLE(vz/cz)
d ~ t 8

The drift velocity at the equator is the angular drift velocity multiplied

by the equatorial radius Ro = LRE or

2" LZREE(VZ /cz)

8

VvV =

For example: The epergy-dependent factor for a 1-MeV elec-
tron is E (v2/c?) = pzl‘ym = 1.3 MeV (Figure 3B-14). If the electron has
an equaic.iai pitch angle of 30 degrees, the ordinate of this graph is A
6,250, which, at L = 2, results in a drift period tg = 6,250/2 %X 1,3 = o
2,400 seconds = 0,67 hour. The average angular drift rate is 27 /2, 400 =
0.0026 radian per second = 0.15 degree per second or 0. 83 degree per

bounce (Figure 3B-10). The average drift velocity is V = 4.0 X
10%x (2)x 1.3/6,250 = 33 kilometers per second.

For a 1-MeV proton, the ordinate of Figure 3B-14 is so small
tthat the approximation E(v2/c2) =2 may u. 2_cd. If the pitch angle
and L-value are the same as for the electron in the first ex-
ample, the drift period is tq = 6,250/2 X 2 = 1,560 seconds =
0. 43 hour.
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Figure 3B-14 contains the energy-dependent factor employed in
azimuthal drift computations, The square of particle momentum
divided by ¥ (or total energy multiplied by velocity squared) occurs
frequently, particularly in computations relating to particle drift
motions, For nonrelarivistic particles, this factor is nearly equal
to 2T. Accurate values at higher energies can be found from the
formula:

_— 2
lem: T(T+ Zmzc)

T + mc

or from Figure 3B-14. The ordinate and abscissa are in the same
units,
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Figure 3B-15shows constant-J curves in a dipole field. The upper
half of this figure shows some selected contours of constant degen-
erate adiabatic invariant, 4= J/p (in units of earth radii, Rg) ina
dipole field. These curves contain the mirror points of all particles
having a particular value of §. The constant-Jsurfaces, constructed
by rotating these curves about the polar axis are open and funnel
shaped. The curves are labeled with the value of J in Rg . Several
dipole field lines also are shown.

The constant-J curves are not the mirror point traces of particles
that preserve adiabatic invariants while drifting across L-shells.
The constant adiabatic invariant curves, labeled with the values of
J2/Mm RJZBm in gauss square centimeters or gauss Ri; , are shown
in the lower part of the figure.
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Figure 3B-16 contams constant adiabatic invariant curves in B, L,
coordinates. Constant J2/Mm contours, such as in the lower part of
Figure 3B-15, are shown in Figure 3B-16 in B, L. coordinates. The
mirror point of a particle drifting across L-shells while preserving
the firat two adiabatic invariants will follow a trajectory such as these.
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Figure 3B-17 presents adiabatic invariants of particles entering
the atmosphere. The quantity J2/Mm is shown as a function of L
for particles entering the atmosphere mirroring at 100-kilometers
altitude. J,M, and m may be in cgs units, or J may be in MeV/c
cm, M in MeV/gauss, and M in MeV.

For example: A 1-MeV electron mirrors at 100-kilometers alti-
tude on L = 2. From this figure, the ratio of its adiabatic invariants
is J’ /Mm = 30 gauss RZE If the electron started at 1. = 6 and
drifted across L-shells while preserving its adiabatic invariaats, the
ratio of initial and final mirror fields, Bm, can be found from
Figure 3B-19. The ratip is By, (LJ2/Mm = 180)/B,(LI2/Mm =
60) = 1.3 X 106/1.8%10°= 0.07. The constancy of the magnetic
moment ensures that the ratio of initial and final momentum squa.red
is the same as the ratio of the B,,'s. When observed on L = 2, p2/2m
was 2 MeV (Figure 3B-8). Initially, p /Zm must have been 2 X 0.07 =
0.14 MeV. The initial energy was approximately the same (0.14 MeV).
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Figure 3B-18 contains an equatorial pitch angle as a function of
L for constant adiabatic invariants. The equatorial pitch angle &,
varies so slowly with L that this figure has been folded over many
times. The value of L can be found by multiplying the coordinate
on the lower scale by the factor above the appropriate segment of
the curve and dividing by J2/Mm. The dimensions of J, M, and m
are the same as in the preceding figures. If J2/Mm is an integral
power of 10, for example 102, I, and @&, may be read directly from
the curve labeled x10n .,

Small changes in @, can be computed accurately by using the aver-
age slopes given on the right side together with the formula:

@ = [constant] + [slope] X loglo L

For example: A trapped particle is initially at L = 6 with an
equatorial pitch angli of 50 degrees. The abscissa of this figure is
at LJ2/Mm = 6 X 10" gauss RE . Therefore, J2/Mm is 107 gauss
RE . The L-values may be read directly from the scale at the bottom,
If the particle drifts to L = 2 while preserving its adiabatic invariants,
the new equatorial pitch angle is 57. 8 degrees. When the preceding
simplified formula is used, the new pitch angle is computed to be

- L=2 _
ao = 50 degrees + {-16.1) loglo 1=6 - 57.7 degrees .
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Figures 3B-19a and 3B-19b show a mirror point field as a function
of L for constant adiabatic invariants. These figures contain essen-
tially the same information as the last several figures, except that
Pp, has been multiplied by (Mm°)3 /36 to obtain a unique function of
L (.‘I2 /Mm). The parameter J2/Mm common to the ordinate and
abscissa may be computed or, alternatively, determined from the
preceding figure. If JZ/Mm is an integral power of 10, for example
100, I, may be read directly from the curve labeled x102,

Constancy of the magnetic moment requires that pZ/ 2m varies
directly with B,,. The kinetic energy can be found, therefore, from
Figure 3B-8.

Small changes in B, can be computed with the aid of the average
slopes at the right side and the formula:

log, B = [constant] + [slope] X loglo L

The figure has not been continued beyond L = 163 because, for
smaller L values (& > 80 degrees), B, is given quite accurately by
the simple formula:

For example: The equatorial pitch angle and L of a trapped par-
ticle are 50 degrees and 6, respectively. From the preceding figure,
J2/Mm is 107 gauss R%: . The mirror field may be read directly
from the curve labeled 10~ (after multiplication of the ordinate by
1073). If the particle drifts to L = 4 while preserving adiabatic
invariants, the mirror field changes from B,, = 0.0024 gauss to
B, = 0.0076 gauss. If the particle is an electron with initial energy
of | MeV, p2/2m is about 2 MeV (Figure 3B-8). The momentum
squared is proportional to the mirror field if the magnetic moment is
preserved. Finally, p2/2m is 2.0 X (0.0076/0.0024) = 6.3 MeV.
The final kinetic energy is about 2.2 MeV. The energy of a trapped
proton is more nearly proportional to B,,. If the drifting particle
were a proton, its energy change would be from 1.0 MeV to 1.0 X
(0.076/0.024) = 3.2 MeV.
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SECTION 4
TRAPPED RADIATION POPULATION

J.l. Vette, NASA— Goddard Space Flight Center

4.1 INTRODUCTION

In this section, a description is given of the distribution of charged
particles within the earth's magnetosphere. This is done most conven-
iently by giving the flux of electrons and protons as functions of time,
particle energy, spatial position, and orientation of the measuring de-
vice. In those cases where the particle motion obeys the adiabatic in-
variants, the orientation and position are connected through these in-
variants. In the usual cases, then, one attempts to describe functions
of 4 or 5 variables. This is very difficult to do quantitatively in a con-
cise manner because the fluxes depend heavily on all these variables
and no coherent theory exists to unify the diverse behavior of the vari-
ous components.

Fortunately, a large number of satellite measurements have been
made in the past few years. These have provided enough observational
data to form a good phenomenological picture of magnetospheric pro-
cesses. Some of these processes are discussed in Sections 1, 3, and
5, and certain dominant ones also will be mentioned in the course of
this section's description. Several books and proceedings of symposia
now are available for those interested in becoming acquainted with many
of the observations (References 1 through 5). Since all these contain
references to most of the original work responsible for the present gen-
eral ideas, no attempt will be made in this section to provide an exten-
sive bibliography.

As conditions in the interplanetary medium change (such as solar
wind density, velccity, temperature, or the interplanetary magnetic
field), the shape of the magnetosphere changes and the particle fluxes
undergo dramatic perturbations within the cavity. This section's pur-
pose is to describe many of these changes and to present the quasi-
static picture as well., Within the radiation belts are electrons and
protons ranging in energy from the thermal plasnia in the eV region
up to several MeV electrons and several hundred MeV protons. The
magnetic fields are well ordered and of great enough strength to




control the particles. This control is determined mainly by the en-
ergy density balance. If magnetic energy density (BZ/B m) is greater
than the particle kinetic energy density [nm(VZ/Z)] as discussed in
Section 5, the particles are constrained by the magnetic field. Where
the reverse is true such as in the interplanetary medium, the magnetic
field is swept along with the particle flow.

In the magnetosheath region,as well as in parts of the geomagnetic
tail, the balance of control seems to fluctuate between particles and
fields. Electric fields are also important in the distant regions of the
cavity. Inthe neutral sheet (Figure 1-2), energetic plasmas with den-
sities ~ 1 particle per cubic centimeter frequently are found. Typical
electron energies vary from 0. 1 to 10 KeV and protons from 1 to 20
KeV. On both sides of the neutral sheet for a distance for ~6 R, low-
energy plasma and nonthermal energetic particles are seen from time
to time, but the flux values at any given point in space vary greatly
with time, as do the average energies of the particles.

If adiabatic particle motion is computed in a staticly distorted
magnetosphere, it becomes clear that regions of the magnetosphere
exist in which particles cannot execute complete drift paths around
the earth. Roederer (Referenc: 6) calculated locatious of the re-
gions of pseudotrapping in a model magnetosphere that included a
tail field. Particles mirroring inside those regions are unable to
complete a 180-degree drift around the earth. Those injected into
the left or noon side will be lost into the tail; those injected into the
right or tail side will abandon the magnetosphere through the bound-
ary on the day side.

A picture of this situation for the noon-midnight meridian plane
is shown in Figure 4-1. The pseudotrapping regions nearly always
contain particles with energies £ 100 KeV, but time variations are
considerable and the flux values are generally a factor of 10 or more
less than the stably trapped particles near the boundary between
these regions.

Because the particle population and time behavior ara different in
many parts of the magnetosphere and because the appropriate coordi-
nate system for the best description varies, dissecting the magneto-
sphere into the several different zones will be convenient:

¢

® Inner radiation
e Electron slot

® Quter radiation
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Figure 4-1. Trapping regions for a model magnetosphere.
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® Pseudotrapped
® Geomagnetic tail

¢ Low altitude.

Each of these will be discussed in more detail to characterize the par-
ticle population for quantitative or semiquantitative work. Some of the
important physical processes that are known to be effective in magneto-
spheric physics are discussed in other sections.

4.2 INNER RADIATION ZONE

The inner radiation zone is considered to be the region above 500
kilometers in altitude and enclosed by the Mcllwain L-shell equal to
1. 8 earth radii. The particle motion can be described by the invari-
ants, and the B, L. coordinates form a good system. Protuns have
been measured in this region from approximately 1 to several hundred
MeV and are fairly stable with time. Proton model environments have
been produced (References 7, 8, and 9) by merging much of the satel-
lite data taken between 1958 and 1965. To produce a semiquantitative
description without too much complexity, the integral energy regime
has been broken into four separate bands: 0.1 to 4, 4 to 30, 30 to 50,
and >50 MeV. The description is then given as the omnidirectional
flux J above energy E by:

JCE,B,L) = F(B,L) exp [(E, - E)/E(B, L)] . (4-1)
or, in the case of the 4 to 30 MeV band, as:
Je> E,B,L)= F(B, L) (E/El)'P(B’ L (4-2)

The quantities F(B, L), Ez(B, L), and P(B, L) are given as tatular
functions. These quantities for the most current proton environments
AP1, AP3, AP5, and AP6 are presented in Figures 4-2 through 4-9.
In Figure 4-2, the distribution function J{> E, B, L) is shown as a con-
tour map of constant flux lines. For APS5, E;= 0.4 MeV. In Figure
4-3, the spectrum is of the form:

J> E,B,L)= J> E,B, L) exp[(El - E)/E (B, L)] .

4-4
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Figure 4-3. Spectral parameter Eq used in the AP5 environment.

In Figure 4-4 for APG, E;=4.0MeV., In Figure 4.5, the spectrum
is of the form:

P(B, L)

J> E,B,L)= J(> E_,B, L) (E/El)' .

1

One can look on these environments as representing a summary of
the many different measurements made by numerous investigators.
More details of the construction of the models and the comparison
with the actual data may be found in References 7, 8, and 9.

The approximate distribution of protons at the geomagnetic equa-
tor is shown in Figure 4-10. The curves in Figure 4-10 were obtained
from the proton model environments AP5 and AP6 as well as from
some recent high-energy data from the OV3-4 satellite. It can be
seen from the figure that the peak intensity of protons with energies
above 4 MeV lies within our defined inner radiation zone. A subsi-
diary peak around 2.2 Rp first seen in 1963 has moved gradually
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Log B, L flux map of the APé environment

Figure 4-4
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Figure 4-5. Spectral parameter P used in the APé environment.

inward and is no longer discernible. Perhaps some of the best dem-
onstrations of the stability of inner-zone protons are given in
Figures 4-11 and 4-12. These measurements were made continually
by an experiment (Reference 10) on 1963 38C, an extremely long-
lived satellite. In Figure 4-11, the points are 10-day averages of
measurements in selected B intervals. These intervals are 0.18 to
0.19 gauss for L = 1.20, 0.175 to 0.185 for L = 1.35, 0.205 to
0.225 for L = 1,90, 0.21 to 0.23 for L = 2.20, and 0.215 to 0.235
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Figure 4-8. The B, L flux map of the AP3 environment for AP3 Ey = 50 MeV.
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